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AN EMPIRICAL ANALYSIS OF COMPETITIVE NONLINEAR PRICING*

GAURAB ARYAL'

ABSTRACT. In this paper I estimate a model of competitive nonlinear pricing with multidimensional
adverse selection. I model competition using a Stackelberg duopoly and solve the multidimensional
screening problem by aggregating the multidimensional type into a single dimensional type. I study
identification and estimation of the utility and cost parameters and the joint density of consumer types.
The truncated marginal densities of the aggregated types can be nonparametrically identified but not the
joint density. I use the classic Cramér-von Mises and Vuong’s test to select one parametric family of cop-
ula to estimate the joint density from the unspecified marginals. Using a unique data for advertisements
collected from two Yellow Pages Directories in Central Pennsylvania I find that: (a) Joe copula character-
izes the joint density of adverse selection; (b) there is a substantial heterogeneity among advertisers; (c)
the estimated density rationalizes why there is more competition at the lower end of the ads than at the
upper end; (d) consumers treat the ads as substitutes; and (e) a counterfactual exercise suggests that there
is a substantial (3.8% of the sales) loss of welfare due to asymmetric information.

Keywords: Competitive Nonlinear Pricing, Multidimensional Screening, Identification, Advertisement,
Copula.

JEL classification: C14, D22, D82, L11, L13.

1. INTRODUCTION

The objective of this paper is to propose a method for empirical analysis of competitive markets for
differentiated products where consumers have multidimensional private information. In particular,
I use a multidimensional screening model with competition, that builds on [Ivaldi and Martimort,
1994], to analyze a market where sellers compete by sequentially offering a nonlinear pricing. Using
a unique data on sales of advertisements and the prices charged by two sellers, I study identification
and estimation of the utility and cost functions and the joint density of the consumers’ types that
is unspecified (nonparametric). The estimates rationalize the data and is consistent with the theory,
which suggests that the method has a potential application to other markets with competition and

possibly multidimensional private information.

Date: May 12, 2013.
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The presence of private or hidden information is now a widely accepted characteristic for most
markets and is studied under the rubric of principal-agent problem. The theory for a monopoly
seller where consumers have only one dimensional adverse selection parameter is well understood,
see [Spence, 1977; Mussa and Rosen, 1978; Maskin and Riley, 1984; Wilson, 1993; Laffont and Mar-
timort, 2001; Bolton and Dewatripont, 2005], and subsequently has been fruitfully used in empirical
analysis by [Crawford and Shum, 2006; Einav, Finkelstein, and Cullen, 2010; Perrigne and Vuong,
2011a; Einav, Jenkis, and Levin, 2012; Einav, Finkelstein, Ryan, Schrimpf, and Cullen, 2012], among
others. Most, if not all, markets are, however, served by more than one seller, so it is important to
allow for imperfect competition. But as soon as we have more than one seller, the problem becomes
difficult; the revelation principal fails [Peck, 1997; Epstein and Peters, 1999; Martimort and Stole,
2002] and solutions can be determined under assumptions that might be, often, restrictive for empir-
ical analysis; see [Oren, Smith, and Wilson, 1983; Stole, 1995; Armstrong and Vickers, 2001; Rochet
and Stole, 2003; Stole, 2007; Yang and Ye, 2008]. For example, [Yang and Ye, 2008] assume that the
vertical and horizontal types are independent and are uniformly distributed and there is exclusive
dealing, all of which are untenable with the data used in this paper (c.f. Figures 1 & 2).! With these
models, the most difficult part is to model the optimal nonlinear pricing as a function of both mul-
tidimensional adverse selection and competition, but if one only cares about the demand side, one
can use the random utility framework. [Leslie, 2004; McManus, 2006; Cohen, 2008] follow this ap-
proach, but they can identify the model only under strong non testable (parametric) distributional
assumptions. Moreover, ignoring the supply side limits the scope of such models when it comes to
quantifying the effect of adverse selection and/or merger on welfare and product line design.” Fi-
nally, with multiple sellers it becomes imperative, like in this paper, to allow for multidimensional
taste parameters, and as [Armstrong, 1996; Rochet and Choné, 1998; Ekeland and Moreno-Bromberg,
2010] have articulated this is a difficult problem even for a single seller. The seminal paper by [Ivaldi
and Martimort, 1994], is the closest to this paper, where they consider a duopoly competition, but
under a parametric assumption on joint density of consumers’ type.

In view of the data, I use Stackelberg-duopoly model and index consumer’s type by a two-
dimensional parameter without specifying the joint density. Under the assumption that the utility
function is quadratic and concave and the cost functions are linear, a new random variable, one
for each seller, can be (endogenously) determined that aggregates the two-dimensional types into

one and transforms the multidimensional adverse selection problem into a single-dimensional. The

! The data rejects the null of independence and as seen in the figures there non-exclusivity because some consumers buy
both the sellers.

2 See [Borenstein, 1991; Lott and Roberts, 1991; Shepard, 1991; Borenstein and Rose, 1994; Clerides, 2002; Verboven, 2002;
Busse and Rysman, 2005] for reduced form analysis.
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aggregators act as a “sufficient statistic” for the sellers and can be used, in the place of the two di-
mensional type to determine the equilibrium pairs of price and an allocation functions. Incentive
compatibility implies that the allocation rules are monotonic, which can then be inverted to write
the unobserved aggregated types as a function of observed demand and hence they become the key
source of identification. If the utility of the lowest type from consuming outside options is normal-
ized, the utility and cost parameters can be identified, but since some consumers do not participate
while not all who participate buy from both the sellers, only truncated marginal densities of aggre-
gated types can be nonparametrically identified. Then I use a copula to estimate the joint density
from the two unspecified marginals, but in order to determine the family of copula I use Cramér-von
Mises test and the non nested model selection test of [Vuong, 1989] and select the family that pro-
vides the best fit among seven of the most widely used families. Since the asymptotic distribution of
these tests are nonstandard, I use the multiplier Bootstrap procedures proposed by [Kojadinovic and
Yan, 2011]. The utility and cost parameters are estimated from structural equations and the densities
are estimated using Kernel density based on diffusion process, see [Botev, Grotowski, and Kroese,
2010], which have better performance at the boundaries than the others.

I apply the estimation procedure to a unique data on advertisements in two Yellow Pages Direc-
tories for the Center County, Pennsylvania, US. The data contains information about the menus of
advertisement options and prices offered by two publishers Verizon and Ogden and the advertise-
ments chosen by local business-units in the county.” A working assumption of this paper is that
advertisement is a final product for businesses. The estimation results suggest that : (a) Joe copula
provides the best fit for the joint density; (b) there is a substantial heterogeneity in how the two ads
are valued; (c) competition is severe at the lower end of the market, which also has more mass, than
the upper end of the market; (d) consumers treat the two ads as substitutes; and (e) counterfactual
exercise shows that there is a loss of welfare, approximately 3.8% of sales revenue, due to asymmetric
information.

This paper is also related to the literature on demand estimation, in particular the discrete choice
models to study demand for differentiated products, pioneered by [Berry, 1994; Berry, Levinsohn,
and Pakes, 1995]. But for identification they rely on linearity of the utility function, strong paramet-
ric assumption about the distribution of (one dimensional) consumer heterogeneity and exogenous
demand shifters. Micro level data are imperative for identification in this paper while they only
need aggregate level data. Another difference is that in their framework the consumer heterogene-
ity is only unknown to the econometricians, which means they have to take the product varieties

as exogenous, while I model both the product varieties/qualities and pricing rules as endogenous

3 Throughout the paper I use the terms business-units, firms and consumers to mean the same. The level of advertisements
bought by each business units were manually recorded by reading the two directories. See the section 2 for more.
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functions of unobserved consumers’ type. This framework is especially useful to simulate mergers
with endogenous product varieties with ease; see footnote 12 of [Berry, Levinsohn, and Pakes, 1995].
The paper is also similar to papers that study identification of principal-agent models by [Aryal, Per-
rigne, and Vuong, 2010; Perrigne and Vuong, 2011b], and the hedonic models by [Ekeland, Heckman,
and Nesheim, 2002, 2004; Heckman, Matzkin, and Nesheim, 2010]; both these strands of literature
use demand and supply side for identification.*

The paper is organized as follows: Section 2 describes the data, the model is presented in Section 3
while identification and estimation is studied in Section 4. Estimation results are collected in Section

4.3 and Section 5 concludes. All the omitted proofs are collected in the appendix.

2. NONLINEAR PRICING IN YELLOW PAGES

The data contains information about advertisements in Yellow Pages directories sold by two pub-
lishers, Verizon ( henceforth, VZ) and Ogden Directories Inc. ( henceforth, OG) in Central Pennsyl-
vania (State College and Bellefonte), US for the year 2006. The data contains information about the
advertisement options (different sizes and color combinations) offered by the two publishers and the
ads bought by each of the business-units in the market. A business-unit is someone with a phone reg-
istered as “for-business”. The price data was provided by The Yellow Page Association, an umbrella
organization of Yellow Pages publishers and the choice of advertisements were manually read-off
from the two directories. It is a norm in the market to put names and addresses of each business-unit
in the directory, which ensures that the list is exhaustive. Then, each business-unit was matched with
the ads placed in the two directories.

VZ entered the market earlier and is a dominant player who also provides utility services. OG,
on the other hand, does not provide any utility service. VZ’s directory is slightly bigger, with three
columns per page, thicker and the quality of the paper is better than that of OG, whose directory
has only two columns per page. VZ distributes more than 215,400 copies while Ogden distributes
only 73,000, but they cover the same market. Although these informations are not used in model or
estimation, they do suggest to be the source of product differentiation.

Both publishers offer different advertisement options that can be classified into three general cat-
egories: (i) listing; (ii) space listing; and (iii) display. VZ and OG both offer variations within each
category. For example, VZ offers three fonts sizes with listing, which is the most basic option where

the name, address and phone number(s) are listed, and OG offers only two font sizes, but the listing

4 [D'Haultfoeuille and Février, 2010] provide an important insight by showing that modeling supply side is not necessary
if there is some (meaningful) exogenous variation in contracts. Although they consider single dimensional type, such variation
can be useful for nonparametric identification of multidimensional adverse selection, a subject that is explored in [Aryal,
2013al.
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Size (No Color) | $ per Pica (Verizon) | $ per Pica (Ogden)
2.5% of page 10.84 10.65
10% of page 8.65 5.54
25% of page 7.98 3.93
Half Page 6.79 3.71
Full Page 6.12 3.42

TABLE 1. Quantity Discounts: Price per Pica for different sizes.

with smallest font (known as the standard listing) is free with both.” Listing accounts for 30% (resp.
53%) of the total ad sales in VZ (resp. OG). Space listing refers to an option where a space is allocated
within the column under an appropriate business heading (such as Doctors, Salons, etcetera), and
both VZ and OG offer five different variations and it accounts for 30% (resp. 26%) of the total ad
sales in VZ (resp. OG). Finally, display refers to an option where a space (that could cover up to
two pages) with colorful pictures is allocated under for the buyer. VZ offers nine different variations
and OG offers seven different variations within this category, which is also the most expensive of
the three options. One can also choose different colors and sizes. VZ offers five color options — no
color, one color, white background, white background plus one color and multiple colors including
photos and OG offers four — no color, one color, white background plus one color and multiple colors
including photos; see Table A-1.

The unit of measurement is picas, which is approximately 1/6 of an inch. For example, a standard
listing in VZ is equal to 12 picas and in OG is equal to 9 picas, and a full page ad in VZ is equal to
3,020 picas and in OG is equal to 1,845 picas. From the table Table A-1 one can see that: (i) for any
size, color accounts for most of the differences in prices, e.g. a full-page display ad with no color costs
$18,510in VZ (resp. $6,324 in OG), which increase to $32, 395 (resp. $9,435) with multiple colors; (ii)
VZ'’s price is significantly higher than that of Ogden’s across all the comparable advertising options,
e.g., a half-page no color display costs $10,093 in VZ while it costs only $3,372 in OG; (iii) the price
differences between VZ and OG is smaller for the lower-end options, such as listing, than for the
upper-end options, e.g., VZ’s average price is 130% higher than OG'’s for the display option and this
difference decreases drastically to 18% for space listing and to 17% for standard listing (no color);
and (iv) for a given color category, both offer quantity-discount: the price per square pica decreases
with the ad size, e.g., the unit price per square picas for a double-page, a full-page, and a half-page
display advertisements with no color are $5.68 (resp. $3.43) $6.13 (resp. $3.68) and $6.90 (resp. $3.72),
respectively for VZ (resp. OG); see Table 1.

Similarly, from Table A-2 one can see that: (i) the display option, which is the most expensive

option, accounts for more than 70% of the revenue for both VZ and OG; (ii) roughly 66% of the

5 To reiterate what was said earlier, standard listing provides an exhaustive list of consumers in the market and are
modeled as It is because of this feature that the data contains exhaustive list of all business-units in the market.
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FIGURE 1. X-axis: Ogden ads; Y-axis: Verizon ads.

business-units choose listing and 14% choose display option in VZ, while the numbers for OG are
94% and 3.8%, respectively; (iii) 54% choose only Verizon, 12% choose both and only 2% choose
only from Ogden and the rest choose the (default) standard listing. The average prices paid in each
directory by the firms purchasing from both directories are higher than those who purchase from
only one directory, which may indicate a higher evaluation of advertising among this group. A
similar pattern is observed with respect to advertisement sizes.

In the theoretical model I allow consumers to have two-dimensional types. The reason why one
dimensional private information is not sufficient and I need at least two-dimensional types lies in
the demand pattern as seen in Figure 1. If consumers had only one dimensional type then within
the quasi-linear environment, both VZ and OG would rank consumers identically so that a scatter
plot of demand for VZ and OG ads would coalesce around an increasing straight line. Since this
is inconsistent with the data, where the over all correlation between two ads is quite low at 0.25
increasing up to only 0.32 for the subset who buys from both. However, I reject the hypothesis that
the two ads are independent: the Cramer-von Misses statistic for independence was 1.66 with p ~ 0.

The (normalized) rank plot (or the probability of a sale) of VZ and OG ads is presented in Figure 2.

Quality-Adjusted Quantity. One difficulty with the data is that the offered size and colors are dis-
crete while the theoretical model treats either quantity or quality as continuous variable, even though
there are many such combinations. In view of this, I propose a way to combine the size and color
into a continuous one dimensional variable and is referred to as the "quality-adjusted-quantity’. But
to verify that such a transformation preserves the ranking from the perspective of the consumers,

I use the following features. First, note that if both size and color were important then the sellers
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FIGURE 2. Rank plot of advertisement bought from Verizon and Ogden.

should discriminate across both the dimensions, but once I control for the size (picas) the relative
price is constant across colors. In particular, discounts are offered for large advertisements while no
such discounts are observed for multi color ads and the ratio of the (marginal) prices for two dif-
ferent colors are constant across different sizes. Second, according to [Maskin and Riley, 1984], an
optimal bundle of quantity and quality should lie on a unique curve in the quantity-quality space
and the optimal quantity allocation should increase with quality along this curve, something that is
not observed in the data.

Now, consider the price schedule for multi colored options and fit a continuous function that
represents the price schedule. Then I can project each size into this multi-color price to get a new
quantity (in picas) in terms of the multi-color size. Then I fit the following quadratic functions using

OLS:

= 1
Ti(qgn) = m+aqgp— %%Zp

L —

Ti(q1) = 72t+a2gjp— %qu @D
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Min 1st Quartile Median Mean Max

Verizon | 92.27 92.27 11450 171.82 6485.60

Ogden | 209.5 209.5 209.5 2303 21474
TABLE 2. Summary of Quality Adjusted quantity

where Tj; is the price in dollars for publisher i, and g;; is the advertisement size for multi-colored
choices measured in square picas purchased by consumer j. The estimates are {§1,&1,1/2} =
{1512,11.27, —0.00027} and {42, &2, B2/2} = {103,6.25, —0.00066}, with R? = 0.99 and all estimates
are significant at 1%. Then the quality-adjusted quantities are constructed by plugging other (non
multi-colored choices) onto these regression functions. For example, one-page with no color ad in
Verizon, which is is 3,020 sq. picas, is equal to 1,470 sq. picas in multi color. The summary of the
quality-adjusted quantities are given in Table (2). Similar argument is also used by [Perrigne and

Vuong, 2011a].

3. THE MODEL

Let the leader (VZ) be indexed as P1, who moves first, and let the follower (OG) be indexed as P2,
who moves after observing P1’s choices. Let u(q, 6, A) be the gross utility that a consumer of type
theta := (01,07) gets from choosing q := (41, 92), and let A be the set of utility parameters that are

common for all consumers. Then if a (61, 6,) —type consumer chooses (41, q2), then let the net utility

be

2 2 bi? 2
U(q1,92,61,02) :=u(q,6,A) = ) Ti(q:) :== ), (91‘%‘ - lqu ) +eqge — ) Til4q), 2)
i=1 i-1 i-1

where T;(-) : Ry — Ry is the pricing function chosen by Pi. So A := {by, by, c} and leth; > 0,i =1,2

and let biby — c* > 0 (for Concavity).6

Then, g1 and g, are substitutes, neutral or complements
depending on if c is negative, zero or positive, respectively. To wit, note that the (net) marginal
utility of g1 is MU; = 61 — bgqy + cq2 — T'(q1), which increases in g, (complementarity) if and only
if c > 0. But if ¢ > 0 then q; and g, should be positively-assortive given the concavity of the gross
utility function. However, that is incompatible with the data, see Figures 1 & 2, so I restrict ¢ < 0.

The type (61, 6;) are independently and identically distributed as F(, ). The sellers, know their and

their opponent’s cost and F(-, -) but not the realizations. I make the following assumptions

Assumption 1. (1) The utility function is concave, i.e. byby — c* > 0and ¢ < 0.

@) (61,60,) 22 E(-, ) with density f(-,-) > 0 on the support [01,61] x [0, 02].

6 Quadratic utility is general enough to capture the essential features of the data but at the same time it is simple enough
to keep the model tractable; [Ekeland, Heckman, and Nesheim, 2002, 2004] also use similar utility. Nonetheless it is more
general than #(q) = 0.q, which is widely used in the mechanism design literature.
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(3) The cost function is assumed to be C;(q;) = K; + m;q; with K; > 0and m; > 0 fori = 1,2.

All assumptions are self explanatory except the last, which is partly motivated by the observation
in printing industry where two main components of cost include the cost of printing machine and
fixed marginal cost of ink, paper and labor and partly by the consideration for identification. A
general cost function will complicate the model without any guarantee of better inference because
such a function cannot be identified, see [Perrigne and Vuong, 2011a] for non identification with a
monopoly seller and single dimensional type.

The timing of the game is as follows: P1 chooses {41(+), T1(:)} and then P2 chooses {72(-), To(*) }
after observing P1’s choices. Then each consumer chooses (41,42) and pays accordingly. As men-

tioned earlier, pricing functions are roughly quadratic (1), so I restrict T;(+) to be

7+ a1q1 + %’ﬁ if 1> 4q10
0 if g1 < q10.

Ti(q1) = 3)

which is characterized by parameters{y1,a1,81 : 71 > 0,1 > 0,81 < 0}. But to find the solution,
T»(-) doesn’t have to be restricted to be quadratic, as long as Ti(-) is.” In order to determine the
participation (IR) and truth-telling/incentive compatibility constraint (IR), I will use the consumer’s

first order conditions

(01 —b1g1 +cq2 — T1 (1)) (91 —q10) = O

(02 = bago +cq1 — To(q1)) (92 — G20) = O. @)

to determine four types of consumers: those who do not participate and choose (19, §20) denoted
as Cp, those who choose only from either P1 or P2 and are denoted, respectively as C; and C; and
those who buy both g1 > g10 and g2 > goo, denoted as Cp; all in Figure 3. These four subsets are
determined endogenously given T (-) and T, ().

Consider the set Cyp, where the types do not participate. Then for all (6,6;) the net marginal
utilities MU; (-, -;01,602) < 0 when evaluated at the pair (q19, g20) for i = 1,2. MU;(q10, 920;0) < 0 for

i=1,2,0 € Cy. From (3), these two conditions can be simplified to

01 —bigio+cq0 < a1+ Piqgio

0 —bagoo +cqi0 < T(qa0),

7 In fact, in the supplementary note [Aryal, 2013b] I derive a condition that is necessary and sufficient for the optimal
T»(+) to be quadratic, which can provide some testable restrictions on the data.
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o o 7

FIGURE 3. Partition of Consumer types.

without restricting T»(+) to be quadratic.® Let (6}, 6;) the marginal type who choose (10, 920), i.e.

07 = a1 + (b1 + B1)q10 — 420 ®)
05 = T5(q20) + b2g20 — cq10- ©)

So all consumers with type (61,6,) < (67,65) find it optimal to choose (10, 420). Now, consider C;

where consumers choose q; > g9 but g2 = g29. The types must satisfy the following conditions:

61— b1q1 +cq20 = a1 + P1qn

02 — bagao + cq10 < T5(20),
From the first equality I get q; = glfhﬁ#, which together with the second inequality determine
the threshold type 05" such that all 6, < 85* consumer choose 5. Since the marginal utility from g,

depends on the choice of g1, this threshold type is a function of §; and is

9r* — (b _CZ> +T’( )+ cq o C 0 (7)
27\ b+ 920 T 224420 bi+p1 bi+pr -

Similarly, C, is the counterpart of C; and is determined in the same way. Let, 67 be the threshold

type such that all type with ; < 6;* demand g1 and is

Kk CZ c c
01" = (bl +pB1— bz> q1o + a1 + ETﬁ(fD) - 592 8)

8 I assume that T;(-) is right differentiable at g,y for i = 1,2.
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And finally, C; is determined by the two first-order conditions as in Equation (4) that can be simpli-

fied as

0h — big1 +cq2 = a1 + B1q1, )

02 — baga + cq1 = T5(92), (10)

3.1. The Follower’s Problem. In this subsection I solve for optimal nonlinear pricing (best reply)
for the follower P2 after observing T (-) given in (3).” For those consumers who buy g2 > g, the

corresponding g1 can be determined from (9) as

61 —a1+cqp 0, > 0*
p=q P a
q10, 91 S GT

Substituting (11) in (10) gives the necessary condition for g; to be optimal for type (61, 6,) consumer,
i.e.

chq caq ( c? ) /
0, + = +(bp— —— + Th(g0). 12
2T+ B b+ P 2 b1 g ) 2(42) (12)

Notice that the unobserved types appear only in the LHS of (12) and given Ty (-) they can be treated

as exogenous from the point of view of P2. This suggests that the LHS can be treated as an aggregated

one-dimensional type. Let zp = 6, + hlcf-lﬁl be such a new type, then a type (61, 6;) consumer who is

also now a type z; choses an optimal g that solves

2
coq [ ,
2 = + (b —> + TY(q0). 13
2 bl ﬁl ( 2 bl ﬁl q2 2(q2> ( )

For P2, z; is unobserved and is exogenously determined, and hence can be treated as the (unob-
served) preference of a firm for q;. It aggregates (61, 6,) in the sense that it captures the taste for g,: it
is increasing in 6, and decreasing in 6; (those who value q; more like g, less) and decreases with 84
( cheaper g1 implies less demand for gy, ceteris paribus). Therefore, z; aggregates (61,6,) and acts as
sufficient statistic in the sense that a mechanism that depends on z; will do as good as a mechanism
that depends on (61, 67). This also means that there will be pooling at equilibrium, i.e. two different
types with same z, will be allocated the same good, but pooling is inevitable because the seller has
only one dimensional instrument g, € R, while consumers have two dimensional types. The only
important question is how should the types 0; and 6, be pooled, and argument above shows that z;

is one such way.

9 In the supplement [Aryal, 2013b], I solve P2’ problem without using this aggregation method and show that solution
does not change. The advantage of using this aggregation method is its simplicity and it is keeps the identification arguments
clean and simple.
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Let Gy (+) be the distribution of z; € [z;,2;] and ¢» () its density, then

QZ C9
st [ ()
2

Now, P2's optimization problem can be written in terms of z; as

)
max {IEH2 = / 0 (Tz (qz(ZQ)) — quz(Zz))gz(Zz)d22 — K2 — quz()Gz(Zg) }, (14)
Tp(-)42().25 2

subject to the appropriate IC and IR constraints (see below). The threshold type zJ that corresponds

to the types who choose the outside option gy, i.e. the area C; and Cy types in Figure 3 is defined as

* co] *
ct
63" + 505, 61> 6},

To determine the IC constraint note that a z5s choice of g, depends on her choice of g1, see (9) & (10),
which in turn depends on g, and so on, a difficult task in general. However, the structure of our
problem can be used to simplify the solution. In particular, I can write z}s net utility from (g1, 42)
(denoted by W,(61,z7)) as a sum of the net utility that z; gets from (41, g20) ( denoted by w; (61, z2))
and any additional utility from choosing g2 > g2 ( denoted by s2(g2,22)), such that s»(g20,2z2) = 0.

To wit, note that using the definitions

091 > :|
wy(01,z = max |u ,000,01, 22— ——— | — T ;
2(61,22) q1>q10[ <lh T20i0022 = =g 1(q1)
2
coq — coqp by, » 5 }
s5(g0,2 '= max Zy — —— % - — (95— - T ,
2(q2,22) max {( 2" T By > (92 — 920) ) (72 — 920) — T2(q2)

the net utility can be written as

c
Wo(61,22) = max [u (rh,qz; 61,22 — M) —Ti(q1) — Tz(qz)]

4124109224920

= wy(6y,22) +Sz(q2,22)~

Then the IC constraint becomes s;(42(22);22) > s2(92(22); z2) for all zp,Z; € [z,,Zp]. Moreover, s;(+)

is continuous, convex and satisfies the envelope condition

s5(z2) = ga(z2) —q20 V22 € (23,72, (15)
and
cxq — czqz by , 5
T(z2) = | 22— T (92 = 420) = = (72 — 420) — 52(22)- (16)
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From (15) and (16), P2’s can be viewed as choosing s;(z;), the rent function, & la [Mirrlees, 1971]. In

a seminal paper Rochet [1987] showed:

Lemma 1. The global IC constraint is satisfied if, and only if, (a) (Envelope Condition): sy(zp) = f;bz (q2(t) —
2
Goo)dt + sT,Vzy € [29,%,], where sy = limzzizg sp(z2); and (b) sy(-) is convex or equivalently q(z2) is

increasing in zp.

From (15) it follows that the global IC is satisfied if and only if g,(+) is strictly increasing in z;. The
participation (IR) constraint becomes Wy (61,2z2) = wy(01,22) + s2(z2) > max{wy(61,22),0},, which

is equivalent to s5(zp) > 0.1° Then, P2's optimization becomes

Z coq — czqz(zz)) by, 5
max EII, = / (z - = Zn) — - = Zy) — —m z
qz(-),zg,S; 2 zg{ 2 ﬁl bl (qZ( 2) q20) 2 (’72( 2) 5/20) 25/2( 2)

1—Go(2)

—s3 — (q2(22) — 920) ()

}gz(zz)dzz — Ky — m2420G2(29),

subject to the q5(z2) > 0 (IC) and s,(z2) > 0 (IR) for all z; € [z;,2;]. To solve the above problem,
I consider the relaxed problem where the constraints are verified ex-post. Since sy(-) is increasing
and the optimal allocation rule must be increasing in zp, ensuring s»(z9) = 0 is sufficient for (IR)
constraint to be satisfied for all z, € (29,%,]. It is immediate to see that s = 0 is optimal. Then the

existence and uniqueness of the solution can be guaranteed:

Theorem 1. Under our maintained assumptions on preferences and cost and the full support assumption of

Q2(+) there exists a unique solution to the problem (14).

The proof is based on the result by Rochet and Choné [1998] is given in the supplementary material
[Aryal, 2013b]. The solution to this problem is formalized below:

Proposition 1. Let, (1 — Gy(+))/g2(+) be decreasing, and by > bfizﬁl. Then,

(1) The optimal allocation function is

2z — 1-Ga(z2) _ - ngzogﬂll
+ _
72(22) = gZ(ZZ) 52 TP Vzy € (29,29 (17)
27 bitp

10 An advantage of using dual approach is that it not only makes finding optimal allocation rule easier (using Euler-
Lagrange equation) but because implementability requires that the choice be convex, which then guarantees that the quantity
allocation rule is continuous in the agent’s type - a corollary of Envelope theorem. This monotonicity features prominently in
identification.
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such that q;(zp) = qoo otherwise, and zg solves

1—-Gy(29) c? cu
0 2\4p 1
Zy — ———=—=- = (b — —- +my + ———-.
2 Q(Zg) ( 2 bl 61 )qzo 2 bl 1

(2) Ty(q) must satisfy (16) such that the corresponding for the price schedule (Ramsey rule) is

Ty(92(z2)) —m2 _ 1-Ga(z2) 1 s
T;(q2(22)) 92(22) az(g;(z»
72

Proof. The proof is standard in the literature, for instance see [Stole, 2007]. Only the main steps are
highlighted here. The first step determines that the expected profit function is concave in g, and

super modular in (g2, z7). Let I be the integrand of the expected profit function, then

ol caq — c2q2) 2 1—G(z2) )

- = Zy — + — —bygp — ——— —m 22),
92 (( 27 Bith b1 + B1 (92 = 20) = a1z 8(z2) 2) 8(z2)
921 2c2

T = - S (=),

. (by P )82(22)

i ~ (o e?) - (2o mg ) 80)s o

Since g>(-) > 0 and by > %, concavity follows from the second equation. The last equation

implies super modularity, i.e. a;z% > 0. Optimal allocation g, can be determined by simple point

wise maximization of I:

€ ) (- TSy 1-Ga@)
byt By 2T 0 TR A 22 () 2

c2go0+cay 1-Gy(22)

2T b1+ $2(22)
:>112(22) Ca b 22
27 bi+p

The optimal zJ is determined by the Euler’s method of differentiating the expected profit with

respect to zJ:

— 0 _ 2 0
- (z% - W) (9(28) — a0) + (B —aho) = 0

And since qz(zg) = o0, and as desired it is immediate to see that zg solves

0_ 1-Gy(29) 2 1

z =(b —Ci) oy L
2 (@) 2T g TR T By

Since Tj(q2) = 22 — % —(by — h12+62ﬁ1 )92 + 5 +fi 77020, which follows from differentiating (16), the

Ramsey equation (18), follows immediately. O
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The equation (18) connects the quantity discount to the distribution of the demand (i.e. z;). For
instance, the markup is smaller if either the distribution of z, is skewed towards the lower end, i.e.

(1 — G(zp)) is smaller or if w is higher.

3.2. The leader’s problem. In this subsection I characterize the (optimal) nonlinear pricing for P1
given the continuation strategy (best response path) of P2. The fact that P1’s choices are restricted to
be on the best response path complicates the pricing function, while the equilibrium allocation rule
g1(-) can be determined as a point-wise maximal. This suggests that competition affects the equilib-
rium allocation only through the price schedule. Such a phenomenon is documented by Borenstein
and Rose [1994]; Busse and Rysman [2005], who find that competition leads to either higher price
dispersion or higher discount, without substantial changes in product varieties. Even though T (+)
is quadratic, determining the functional form of (1, B1, #1) is complicated because P2’s choices are a
function of these parameters and hence z; is not exogenous for P1. To that end I follow Wilson [1993]
to give conditions that determine T; (-).

Recall that firms with type 6; > 07 choose g1 > gq19 and while those with 6; < 0 choose gq¢.

Using (11) and T5(-), the allocation rule g5 is a function of g1:

fr—ar+
w, 92>9§*

q2(q1;61,62) = brtP2 (19)
20, 6 < 605"
Following the same arguments as with P2, let z; = 6; + bzc«fzﬁz be the new aggregator such that the

optimal q; solves

Ay —Cp
by + B2

zZ1 = blql +c [ } q1+ a1+ ﬁlql. (20)

and the threshold type

z

co3
e s

0
7% + sz+2;32 0, > 0;

such that any type z; < z(l) buys g19. Similarly, let Wy (z1,62), w1 (-, -) and s1(g1, z1) be P1’s counterpart
such that Wy (z1,0,) = wy(z1,602) + s1(q1,z1), where

c2q1 — ca b
s1(qr,21) == {qH;%X} (Zl + M) (91— q10) — 51(0/% —q3) —m — g1 — %‘ﬁ
1Z410

The function s1(g1(z1),21) = s1(z1) is the relevant rent function for P1 from which I get

c2q) —ca b =
M) (71— q10) — 31(‘7% —4i0) — _/zgqu(t) —qo)dt — s (21)

Ti(q1) = <21 +
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that allows us to re-write P1’s problem as
g —c (Cz + Lmy + 7c“bll<ffl;11))
z1 + (91 — q10)

2(l,—1
bala — 325

Z
max [EIL; :/
Z

0
q1(-)2)st 1

b -
*31(‘7% —q3) — (71 — §10)G1(z1) — Ky — m1‘71:| 1(z1)dz1 — m1G1(29)q10,

subject to ¢7(-) > 0(IC) and 51(-) > 0 (IR) constraints for all z; € [z9,7].

Proposition 2. The optimal quantity allocation rule (contract) is given by

2
21*51(21)*"11*?& _
2 vz € (9,7]
q1(z1) = =515 (22)
q10, Vz1 € [21,2(1]]

and the optimal price schedule satisfies

N e ) 2
Ti(q1) =21 by + B + <bz+,32 by | 41

The proof is straightforward and is omitted. The optimal quantity is determined for a particular
price schedule. Note that in the optimization of P1 the boundaries, of the integration in profit func-
tion, are also a function of the price schedule. Following Wilson [1993], note that if the pricing rule

T1(q1) is well behaved then the quantity allocation z; — ¢1(z1) is unique and regular (sufficiently

many times differentiable): q; = q1(z1) < ‘)Tgil;i“) = ¥(g1,z1). Then making the change of variable
in the profit function gives
G
EIl, = / (Ta(q1) = m1q1)g1(T{ (1)) T{ (q1)dq1 — m1Ga(2) 10 — K1,

q10

where G;(z)) = Pr(selling q19). The optimal price is then determined by choosing a1 and ;. P1’s

optimal behavior is characterized by choosing g1 (-) such that g1(z1) = argmaxy, s1(q1;21). The first

order condition with respect to g, is %2‘221) = 0. which gives z; = ¥(q1) where
2c2 cap + C2q10
¥ = ———-(h+ ) - = —T{(q1)-
(91) <b2+ﬁ2 (01 +B1) | byt B 1(41)
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Hence j—‘;; =Y (q1)dg1 = { (% - b1)> - T{/(th)} . Then the expected profit can be rewritten by

(using the fact that g1 (+) is increasing ) as

EIl; = /q‘“ (Ti(g1) = Ca(g1)) g1 (¥ (1) ¥/ (1)t — m1Gi (29)g10 — K

10

[ (106 = €1 ) G0t~ G (R)ano — Ku

q10

Then integrating by parts, the first term in the right hand side becomes | ’Z B (T{(t) —mq)(1— G (¥ (t)))dt —
miqio — Ki.

Now the objective is to choose a1 and 1 that maximize the expected profit. The optimal quantity
allocation rule determined above will be used to determine the the pricing parameters {a1, f1,71}-
P1 chooses a1 and 81 to maximized the expected profit (IEIT;) while ; will be such that the lowest
type of firm’s participation constraint is binding. Any extra utility resulting from interaction between
the two advertisements is extracted by the principal. Since the equations that characterize these
parameters are not explicitly used in empirical analysis, their derivation are not presented here but

only the supplement [Aryal, 2013b].

4. IDENTIFICATION AND ESTIMATION

4.1. Identification. In this section I study the identification problem of the model, which concerns
the possibility of drawing inferences from the observed data on advertisement-prices to the theoret-
ical structure outlined above. Failure to identify the model structure implies that the data lacks suf-
ficient information to distinguish between alternative structures. The model primitives are the joint
distribution of types F(-,-) and the set of utility and cost parameters X = [my, mp, Ky, Ka, by, by, ¢].
The data provides information on the price functions {a;, B;,7y; : i = 1,2} and the ads bought by
J business-units {qu,qzj}]]-zl. A structure is a set of hypothesis that implies a unique distribution
consistent with the data. Two structures {F(-,-), X} # {F(-,-), X} are said to be observationally
equivalent if they imply the same probability distribution of the observed data. And the model is
said to be identified if there are no two observationally equivalent models. Given our environment,
I assume that the joint distribution F(-,-) is defined on @ := [0;,0;] x [0,,0,] such that, all F € F
is absolutely continuous with continuously differentiable and nowhere vanishing density f(-,-) and
X is such that (i) biby — 2 > 0; (ii) b; + B; > 0 for i = 1,2; and (iii) (b 4 B1) (b2 + B2) — 22 > 0.1
Since the optimal nonlinear pricing functions are defined in terms of (z1,22), I consider the joint dis-

tribution G(-, -) as the model structure and study its identification. This is without loss of generality

UThese inequalities are sufficient conditions for the utility function to be concave, and the firms’ optimization problem to
be convex.
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because of the one-to-one mapping between the pair (61, 60,) and (z1,22). Recall that the joint distri-
bution G(+, -) is defined on a compact support [z;,Z1] X [2,Z2] and with joint density g(-,-) > 0 and
the marginal densities g;(-) > 0,i = 1,2 that are continuously differentiable.

Since the optimal nonlinear pricing do not depend on the fixed cost K; and Kj, they cannot be
identified. Incentive compatibility implies that the equilibrium allocation rule g;(-) : [z2,z] — [gi0,7;]
is monotonic, hence can be inverted to provide a (inverse) mapping z;(-) = g; (), from sales (data)
to type. Then z;; = z;(g;j) is the consumer j's type who chose g;; > g9 from Pi. Let H(-,-) be
the conditional joint distribution of (g1,42) given q; > gj. H(-,-) and the two marginals H;(g;) =
J H(qi,qj)dq; fori = 1,2and j € {1,2},] # i. can be identified from the data. Then

Gi(zi) — Gi(2?
Hia) = Prig < glas > o) = P < )l > zia)) = S,
1-Gi(z)
oH; i(z;)z!
h(q) = az(fi) _ &i(z) l(g) ,
9% (1-Gi(z))
and hence
1-Gi(z) _ 1-Hi(q) ,
= Z: .
8i(zi) hi(q) (@)
Therefore, the distribution of g; provides some information about the distribution of the unobserved

type z; = z;(q;j), as shown above, which is the main source of identification.'?

Identification of Cost Parameters. To identify the marginal cost, I use the fact that there is no distor-
tion on the top. In other words, the highest type gets the quantity that maximizes the social welfare.
Consider P2: the data identifies §, = max{g;;j = 1,...,]}, but monotonicity implies that the type
that buys 7, is Zp, i.e., 42(Z2) = §,. Then the pricing function gives T}(q2(22)) = T5(q,) = a2 + B2g,.
Substituting this in the Ramsey rule (18) gives &y 4 B2, — mp = 0, which identifies m,. Because of
the sequentiality of the game, the same argument cannot be applied to identify m;. Differentiating
Ti(-) in Equation (21) with respect to q; and solving for 2 (q1) gives z/(q;) = T, (q;) + b; — 17]'2%5]"

which can be used in the optimal allocation rule

T/ (q;) = mi+——~>2(q;) (23)

for q1(-) to get

1— Hi(q1) 2

" . " . 2C _
Ti(q1) = m1 + ) (Tl (q1) + b bt By +132) , Va1 € [q10,94]-

12The problem is slightly complicated by the utility and the cost parameters.
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When the last equation is evaluated at g, := q1(z1) = max{qy;;j = 1,2...,]} gives

=0
1 H(*S 2¢2
— (g c _ _
m 4+ —— 17 +b—>:zx—|— =m = o+ . 24
1 ) <)51 Tt 1+ By 1=w01+ P1g, (24)

Identification of by, by, c and the support. The utility function is concave and the parameters b; and
by induce “love for variety,” ceteris paribus. To see this consider the extreme of when the utility
is linear, i.e. b = by = 0, then the business-unit will care only about ads (g1 + 42), but not the
composition so let g = 0. But if by > 0, the marginal utility from ¢q; falls and g, starts to become
important leading to g, > 0. Intuitively, as the utility becomes more concave the choice will become
less and less asymmetric. This constraint is therefore most applicable to the highest type z; — who
buys the most asymmetric options: the maximum g; and minimum ¢,. Hence, the value of b; must
be small enough to rationalize this choice. The z;— type’s optimality condition (marginal utility

equals marginal price)

01 — b1y + cqz0 = &y + Pady
identifies c, as a function of 61 and b;. Similarly, the optimality for the z, — type

cqio+ 602 — a2 B

1 P2

62 — bzﬁz +cq10 = a2 + ,3272 = b2 =

identifies by, as a function of 6. Therefore, c and b, are identified from {61,0,,b; }. For any g; < g, 1

rewrite (23) as

H;(q:)

1-— 202
®; + pigi = m; + —————— i+bi——— |, ije{l,2},i )

so that at g1 # §; gives

a1 + Brg1 —m 2c?

bi+p1 =

1-H;(q1) by +
h1(q1) 2 P2

_oap+ ﬁlql — mq 2¢2
bitpr = 1-Hi (1) by + B2

hy(41)
that can be solved to identify b; as
1 (m+pigi—m | w+pigi—my |
bi=3 ( TH) | H@ P (29)
hy(q1) hy(41)
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c? J20+caq

Then evaluating §»(z2) in (17) at (22) gives Zo = 7, (bz - %) + my + =g+, which together

with the definition of z, identifies 0, as

c2qa0 + caq — ¢y — 2¢%7,
b1 + B1 '

Since some only choose (410, 420), some normalization is important to determine the support. Al-

92 = ﬁzbz + my 4+ (26)

though there are many possible normalization that works, I make two that have some intuitive
meaning. First, I assume that the type space ® = [0;,601] x [0,0,] and second, normalize the util-

ity from (g10, g20) of a firm with the lowest type (8;,0,) at zero:
Assumption 2. Normalization: Let 0, = 0 and u(q19, g20; 01,92) = 0.

Together the assumption determine 6; as

by by 439
0, = Lgip+ 2720 oo, 27
01 =>q0+ 5 P cq20 (27)

Identification of Marginal Densities. Since implementability implies that the equilibrium alloca-
tion rules (g1(+), g2(+)) are monotonic in z’s, these mappings can be inverted to express conditional
distribution of types as a function of observed demand distribution. That is using the ads placed
with Verizon (resp. Ogden) I can identify the conditional marginal distribution of z; (resp. z) given

that z; > z(l] (resp. zp > zg). Recall that the relationship between type z;; and ad g;; is as follows
=\ ._ Gi(z)=Gi(z)) _ 1-Hi(qy)
Gi (Z”) T1-G(E) T higy)

tion bundle (q1;,42;). It is important to note, however, that the transformation is unique only for

m;, which can then be used to recover (z; i z2j) from the consump-

some subset. For instance, for the set C;, it must be the case that both types are greater than the

threshold, so I can invert (11) and (17) to recover the pseudo-types

- ) 2c2 cay+c2q (1-Hi(q1)))
<Z1f> _ <c/1 1(’11]')) (i (o ) o SR 28)
) \gy N a)) 22 1, (1-Ha(g3))
I N (R ) R R e (A

and hence the conditional joint distribution G(-,-|z; > z(l),zz > zg). Now consider C; (resp. C3),
which includes the types that buy only from Verizon i.e. zp < zJ. In this region, I can invert only
the allocation corresponding to Verizon (resp. Ogden) i.e. Equation (11) (resp. 17), to recover the
corresponding zy; (resp. zp;). On the other hand, I can only recover the proportion of firms with

(z1,22) < (29,29),i.e. Pr(z; = 29,25 = 29) = Pr(q1 = q10,92 = 920)."

13 Henceforth, I use the short hand (z1,22), to mean one of these combinations: (z1,22), (z1, zg), (z?,zz) and (z?,zg), de-

pending on whether (z1,2) is in Cp,, C1, C; and Cy, respectively.
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4.2. Estimation. Our estimation is based on the equilibrium strategies of Section 2. More specifically,
I observe (41, 42) i ] =1,2,..,6328. I assume that these purchases are the outcomes of the model

equilibrium in (11) and (17). I define our econometric model accordingly as

9ij(zij) = lzij — Gi(zyj) —m; — 702:: 1;217;0]/[1’1‘ - bizfﬁ,-}’ 29
for all z;; € (z?, z;] and g;i(z;;) = qio otherwise, where i = 1,2, indexes Verizon or Ogden and j =
1,2, ...,6328 are the business-units. The pair (zlj, 22]‘) is the source of randomness in the econometric
model. Besides the above two optimal purchase equations, I have five structural equations defining
the optimal price schedules, which give additional restrictions on the structural parameters.

I assume that every firm j draws (6, 6,;) independently from F(-,-). Given the tariffs choice of
the two publishers, every (61;,65;) determines a pair (21}, z5j), distributed with G(-, ). The estimation
procedure takes several steps. In the first step, the quantity sold by each publisher is separately used
to estimate the nonparametrically inverse hazard rate (1 — H;(+))/(h;(-)) for i = 1,2 using standard
kernel estimator. In the second step, I use the estimated inverse hazard rate, along with (29) and the

five structural equations mentioned above to estimate the utility and cost parameters.

4.2.1. Estimating the Density of Advertisment. Let Ni' and N} denote the number of firms purchasing
advertising space strictly larger than g19 and g2, respectively and g;; denotes the quantity purchased
by each of those firms from i = 1,2. To estimate H;(-) and k;(-) one can use the empirical distribution

and Kernel density estimator, respectively:

Ny

. 1 ¢ _
Hi(g) = 5 L 1(ai < q)for g€ g7,
ij=1
N¥*
~ 1 1, /49— qij)
hige) = =Y ;K , 30

where ¢ is a bandwidth, K(-) is a kernel. Among other things, however, it is known that: (a) the
Kernel estimation suffers from lack of local adaptability, i.e. it is sensitive to outliers and spuri-
ous bumps [Marron and Wand, 1992; Terrell and Scott, 1992]; (b) it surfers from boundary bias;
and (c) the most widely used data-driven bandwidth selection, plug-in, method is adversely af-
fected by the normal-reference rule [Sheather and Jones, 1991; Jones, Marron, and Sheather, 1996;
Devroye, 1997]. Although various solutions have been proposed to address those shortcomings, I
use adaptive kernel density estimator based on linear diffusion processes as proposed by [Botev,

Grotowski, and Kroese, 2010]. The main idea is to view the kernel estimator as a transition density
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of a diffusion process, which leads to a simple kernel estimator with substantially reduced asymp-
totic bias and mean squared error with no boundary problem and an improved plug-in bandwidth
selection method. A key observation is that if suppose the Kernel in Equation (30) is a Gauss-
ian with location g; and scale § = V/t, i.e. (suppressing the index i for the Verizon or Ogden)
K(q,9;;¢) = (27tt) 2 exp(—(q — qj)?/2t) then it is the unique solution to the diffusion partial dif-
ferential equation (Fourier heat equation):

0 4 19% .
af(’%t)ziﬁf(q/t)/t>o

with g € [go, 4] and initial condition 1(g;0) = & LN, 6(q — q;) (the empirical density) and the bound-
ary condition

%f G|, = %f (@] _, =0
This means that a solution to a linear diffusion process (with proper boundary condition) is a valid
(nonparametric) kernel density estimator that is locally adaptive to boundary conditions. So I follow
[Botev, Grotowski, and Kroese, 2010] for estimation of the densities. Since I am not interested in

4 Once

these estimates per se, in view of the space I do not present the estimates in the paper.
{A;(-),hi(-);i = 1,2} are estimated the parameter set X can be estimated. See Appendix (A) for

more on bandwidth selection.

4.2.2. Estimating the Parameters X. Now, I outline the steps to estimate the parameters : (i) fix §, = 0
and estimate m and my; (ii) choose any two values of q1; and §;; and use (25) to estimate by; (iii)

Then estimate parameters X by solving

Xy = arg Xmelg sn(X)'sn(X),
where
cq10 — 2 = (b2 + B2)7, + 02
01 =g, (b + B1) + a1 — cqao
s(X) = (b2 + B2)d, — cq10 — 61 + 2 /
(62 — Gyby — m2) (b1 + B1) — €2q20 — caq + cfy + 27,
(61 + ¢q20)2q10 — b13o — b2g3
are the equations that identify the paramaters. Since the parameters are identified there is a unique

solution to the above minimization problem. After estimating X, we can recover the pseudo types

141 4se the computer code provided by [Botev, Grotowski, and Kroese, 2010] to estimate the densities.
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z1 and z; and estimate the marginal (conditional) distributions and densities {G?(-),$7(-)} using
the same diffusion method as outlined above. The basic consistency result is stated below without
the proof, which is a straightforward extension of the consistency results by [Guerre, Perrigne, and

Vuong, 2000; Perrigne and Vuong, 2011a].

Lemma 2. Suppose all the assumptions mentioned so far is valid. Then:
(1) sup[q; —7;| =3 0 and sup |dig — gio| = 0.
(2) 4; = g; + Oas[(loglog N7 ) /N7].
(3) Supe (50 11081 — H7 (9))/ (1 — Hi (9))]]| %3 0
(4) For any q; € (qi0,4;), SUP,.c (g7 12:(-) — z; ()] 5 0as N — oo

5) SUP, ¢ (20 7] 187 (zi) — &7 (zi)] X 0as N} — oo, where g} (+) is the conditional density given z; > z0.

Once again, I do not present these estimates, because ultimately I am interested only in the joint

density, which is addressed in next.

4.2.3. The Joint Distribution. Ultimately, I want to estimate F(, -) and not just the conditional marginals
Gi1(z1) and Gy(22). Recall the data generating process: a firm j € {1,2,..., N} draws (64, 6,;) i.i.d.
from F(-,-). Given (Ty(-), T2(-)) the corresponding (z1j, z5;) is determined and j chooses q1(z1;) and
q2j(z2;). Thus unless the types are independent, the observed ads are not independent. Also recall
that the null of independence was rejected. The question I am interested in is to combine the two
(conditional) marginals and then extend it to the whole support. To achieve that goal, I propose to
use copula. Although the marginals are censored, they are nonparametric, and hence it is conve-
nient to adopt a parametric form for the dependence function Cy(-,-) (defined later) while keeping
marginals unspecified. But there is no guidance as to what should the parameter « be as there are
many families of one parameter copulas, e.g. Gaussian, t— copula, etcetera. Since it is not entirely
obvious what family is appropriate, choosing one without due diligence with respect to the data will
defy the whole purpose of nonparametric identification of the conditional densities. So I propose
to use the classic goodness-of-fit test and Vuong’s non-nested model selection test to find the “best”
family. In essence the method estimates the dependence between types using data on those who buy
from both and uses this dependence to select the family that provides the best global fit. I rely heavily
on the current statistic literature on empirical copula and begin by formally introducing copula.

C : [0,1]> — [0,1] is the two-dimensional copula if C(-,-) is the joint distribution of random
variable in [0,1]? with uniform marginals. Since G;(-) is a uniform random variable, the copula
representation of G(z1,2») is C(z1,z3) := C(G1(z1), Ga(z2)). The seminal Sklar’s theorem [Nelson,
1999] guarantees that C(-, -) is unique, but as mentioned earlier cannot be determined (nonparamet-

rically) from the data. I assume that C(-,-) is known up to a parameter, i.e. it belongs to the class
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Co = {C« : x € T C R}, where T is an open set and estimate x. Some of the widely used parametric
families are Clayton, Archemedean, Gaussian copulas. If the family of copula was known, i.e. if the
null Hy : C € Cp, were known to be true, then the parameter x could be estimated either by maxi-
mizing the joint likelihood function or by matching some measure of dependence such as Kendall’s
T, or Spearman’s p. However, I do not know the null, in other words I do not know if the copula is
Clayton or Gaussian.

Since the marginal distribution of z; is unspecified, I can replace it by its empirical counterpart
Gi(-) = %Z}Zl I(z;j < -). It is easier to work with (imputed) rank 7;; instead of the variable z;
and view the copula to be based on a collection of pseudo values (u1,...,u ]) € R¥ where ﬁij =
rij(J+1) = Gi(zi]-) x J/(J +1).!° The first sensible thing to do is to check if z; and z, are independent,
even though it was verified that q; and g, are not independent for robustness. If they are independent

then the joint distribution is simply product of two marginals. So, I test

Ho:V(uy,up) € 0,13, Cuy, ua) = uquy

Hp: 3y, u0) € 0,12, Cluy, ua)  #  ujus.

Let Cy(uy,up) = J1 2]1-11 1(#1y; < ug,1lp; < up) be the empirical copula. Then I compute the classic

Cramér- von Mises statistic

Ty = /[0 P J{Cy(ur, u2) — uluz}zdmduz,

to test for independence. There are two issues that complicates implementation of the test. First, the
asymptotic distribution of Tj under the null is not distribution free [Genest and Rémillard, 2004], and
second, the distribution is also affected by the first-step errors from estimating the pseudo z; and z;.
So, I compute the critical values using Bootstrap procedures as outlined in [Genest and Rémillard,
2004; Kojadinovic and Holmes, 2009]. The test statistic is estimated to be T; = 1.66467 with the p—
value equal to 0.000499. Therefore I conclude that z; and z, are not independent.
The empirical Copula Cj(-, -) is a consistent estimator of C(-, -), [Fermanian, Radulovi¢, and Wegkamp,

2004]), so a natural goodness-of-fit test would use some form of distance between the estimate of the

candidate family C,j and Cj(,-) (under Hy that it is true). Let

C(u1,uz) = VN{Cy(u1,u3) — Cy, (11, u2) }, (31)

15This transformation is without loss of generality because copulas are invariant to continuous, strictly increasing trans-
formations. The scaling factor J/(J + 1) ensures that the copula is well behaved at the boundary of [0,1]2.
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be an empirical process, and for a given family, let & be the value of the parameter that maximizes
the pseudo-log likelihood, i.e.

= argmax{ Zlog Ce(Un, 2)]}

kel i—1

as defined by [Genest, Ghoudi, and Rivest, 1995; Genest, Quessy, and Rémillard, 2006]. Then, [Gen-

est, Rémillard, and Beaudoin, 2009] showed that the Cramér-von Mises statistic

] 2
T = /[0 " (D](ul,uz) dC] U1, ) Z‘{ {C] Ll1],1/12] Ckl(ulj/uzj)}
=

can be used as a goodness-of-fit criteria and the test is consistent. To characterize the asymptotic dis-
tribution of the test I use the following weak convergence result for (31) from [Fermanian, Radulovig,

and Wegkamp, 2004]. Let C,g] ac" and 77, be a Cy— Brownian bridge.'®

Theorem 2. Let Cy have partial derivatives. Then the empirical process (31) C(uq, up) converges weakly in

1°°([0, 1]?) to the tight centered Gaussian process
C 1, u2) = (1, 12) — (01, 1)CY (a1, 12) — (1, 12) O (un,12),  wr, wa € [0,1):

Using this result, the p— value can be approximated from the limiting distribution of Ty. Approx-
imating the p— value, however, is computationally costly because the limiting distribution not only
depends on the asymptotic behavior of C; but also on the estimator #.17 Therefore, the approximate
p— values can only be obtained from a Bootstrap procedure outlined by [Genest and Rémillard,
2008]. In practice this is a slow method so, I use the multiplier central limit theorem to determine the
large sample distribution of the test statistic; see [Kojadinovic and Yan, 2011]. I implement Cramér-
von Mises the test for seven widely used families of copula and for each family estimate the test
statistic, the corresponding parameter & and the p— value based on 10,000 Bootstrap replications.
The results are reported in first column of Table 3. It is evident then that only Joe copula provides
the best fit.

I also consider Vuong’s non-nested model selection test a la [Vuong, 1989]. To implement the test, I
consider any two families (from the seven families) and and give +1 to the one that is selected by this
test and —1 otherwise. I follow the bootstrap procedure of [Clarke, 2007] to compute the p— values
For example, between Frank and Gaussian if Vuong's test selects Frank, it gets 41 and Gaussian gets
—1. I repeat this pair-wise test for all such pairs and add all the scores and present that in Table 3).

16 A Brownian bridge is a tight centered Gaussian process on [0,1]? with covariance function E [, (11, u2) 1 (1f, uy)] =
Cr(ur Nt up Authy) — C(ug, up) Ce (1l uh), uq, up, ul, 1y € [0,1] and a A b = min{a,b}.

7Using pseudo log likelihood is just one of many ways to estimate the parameters in the literature. For robustness, I also
estimated the parameters that maximize the Kendall’s Tau and Spearman’s Rho, and reach the same conclusion.



26 G. ARYAL

Family # | CvM p— value | Vuong Test
Gumbel-Hougaard || 1.12 0 2
Clayton 0.09 0 -6
Frank 0.24 0 -2
Gaussian 0.63 0 -4
Plackett 1.618 0 2
t (df=4) 0.16 0 2
Joe 12 0.12 6

TABLE 3. Goodness-of-Fit and Vuong test Results: Estimated parameters of copula based on Pseudo-
MLE and p— values of the Cramér-von Mises statistic are computed using 10,000 Bootstrap replications
and the rank in Vuong test.

The family with the highest score is the one selected. Again I find that this criteria also selects Joe
copula as the best model. Therefore, one can conclude that the best family of Copula is Joe and with

& = 1.206497 (s.e. = 0.0137) . Then the estimated joint density of (z1,22) becomes'®

2

§(z1,22) = (k1) (1 -TH{a-a-&eEyhHa- G,«<zi>>“g,«<zi>}> .
i=1

Then the estimated joint density of (61, 6,), Figure 4, evaluated at z;(6) = z;(61,02) becomes

A C

2
f(61,02) = (1 -IH{a-a-GaEeEnha- Gi<zi<9>>>’*1gi<zi<9>>}> x (1-#) (1 T
a

4.3. Estimation Results. The estimated gross utility function becomes

0.414

) 145
2(q1,42,01,02) = 611 — ——% + 0202 — g5 — 0.02 X g1 X ga.

As can be seen ¢ < 0, which shows that the two ads can be treated as substitutes, although the rate
of substitution is weak. The marginal cost of printing for VZ at ri1; = 7.768 is twice as that of OG at
1y = 3.145, which captures the differences in the paper size and quality. The support is estimated
to be [109.39,896.15] x [0,896.15]. Recall that z) is the threshold type below which consumers buy
gip- [Armstrong, 1996] showed that in a multidimensional screening, it is always optimal for the
seller to price the goods in such a way that some positive fraction of consumers are not served. The
threshold type z? then depends on the density of consumer type, e.g., if G;(-) has thicker lower tail
than upper tail then z{ should be closer to z; as fewer types should be excluded and vice versa.
The estimates of the threshold types are z! = 978.51 and z = 298.83, for VZ and OG, respectively,
which suggests that ¢, (-) has relatively more mass at the lower end than ¢ (-). This also means that

18A  2-dimensional copula C is called Archimedean if it has the representation Cl(uy,up) =

¢ (¢~ () + ¢~ (u2)), (u1,u2) € [0,1]?, where ¢(-) : R+ — Ry is an Archimedean generator, i.e. continuous, strictly
decreasing on {¢ > 0} and satisfying ¢(0) = 1 and lim;_, () = 0. For Joe copula, ¢(t) =1 — (1 — exp(—t))/*.
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FIGURE 4. Estimated Joint PDF and CDF of recovered (61, 6,)

there is stiffer competition between VZ and OG at the lower end than at the upper end, which is
reflected in the differences in prices: the difference in average price per picas widens as I move from
lower category to higher, see Table 1. And the fact that VZ’s prices are consistently higher across
comparable categories than that of Ogden suggests that Verizon enjoys a higher brand effect.
Advertising is a business-to-business activity, so the demand or the willingness to pay for dif-
ferent sizes might depend on its usefulness in creating more demand via exposure. For example,
a single doctor in a market might have less value for an ad than a market with few doctors. It is
also conceivable that the value might be low if there are many doctors, in other words the value
for advertisements might be an inverse - U shaped. Although ads are treated as final consumption
commodity, on account of complexity of the problem, once (6; i §2j), is obtained, this question can be
addressed by running a simple OLS regression on some measure of level of competition. I estimate

the following model:
éij =aj+ a,-l#Ci]- +ap (#C1]>2 + le'3ll‘0g(qij) + ai4std.dev(qij) + a,-;,National,-]- + aiéGuidei]- + €ij,

where 91-]' is the firm j's (pseudo) marginal willingness to pay for advertisement with Pi, #C;; is the
number of firms with the same sub-heading as j who advertise with Pi under the same heading as j,
likewise (#Cl-j)2 is the square of that, avg(-) and std.dev(-) are the average and standard deviation of
advertisement sizes bought by firms in that industry. National;; is a dummy if the firm has a national

brands (or trademark) and Guide;; is a dummy if j opts for guide option. Recall the Guide provides
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01 6>
no. of Firms 5.25 (3.717) 0.16 (0.1751)
Sqr. no. of Firms -0.56 (0.25) (**) -0.0004 (0.001)(*)
Avg. Size 10.53 (0.25) (**) 1.46 (0.45) (**)
Std. Size 0.69 (.39) (*) -0.01 (0.11)
National -626.34 (379.77)(*) | 106.57 (24.22) (**)
Guide 669.36 (249.17) (**) | 328.06 (16.13)(**)

TABLE 4. OLS: Result of regression of pseudo types  on number of business units and its square under
the same heading, the average size of ad bought under the heading, the standard deviation of the size,
whether or not the firm is national and if it opts for guide option. (*) denotes significance at 10% and (**)
at 5%.

additional advertising space by listing specialities and it covers Attorneys, Dentists, Physicians In-
surance companies, etcetera. The result for both Verizon and Ogden is presented in Table 4 where the
standard errors are reported in parenthesis and the (**) and (*) denote estimates that are significant
at 5% and 10% confident level, respectively.

As it can be seen the direct effect of number of similar business units on the willingness to pay
is positive but insignificant while the effect decreases significantly as shown by the coefficient of
the Square number of firms. This suggests that the effect of competition decreases with the level of
competitors, and has inverse-U shape effect which has been suggested by [Porqueras, Julien, and
Chengsi, 2012]. An interesting implication of the regression is that whether or not a firm has na-
tional presence affects §; negatively but 8, positively. The model does not explain either the demand
pattern of firms with national brand or the brand effect of the publisher, because the demand side is
captured by reduced form parameters. Explicitly modeling the demand side is important but beyond

the scope of this paper.

Cost of Asymmetric Information. Adverse selection leads to second best outcome, and hence a loss of
social welfare. It is, therefore, important to quantify the loss and how it is distributed across different
consumers; in some markets, significant departure from the first best might also warrant government
intervention. I conclude this section by computing the effect of asymmetric information on consumer
welfare. To achieve that, I solve a Stackelberg duopoly game where the sellers know the type of each
consumer and chooses a price that extracts all the rent and allocates a quantity that equate (residual)
marginal utility with marginal cost, while assuming that even in this counterfactual exercise both
seller offer q19 and gy for free. Once the allocation rule and prices are determined, one can compare
the difference in the utility in the data with this perfect information case.

In the second stage, a (01, 0;)— consumer who buys §; from VZ and paid #; gets gross utility

D(q2;41;0) = u(q2,41;0) — 4
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if she buys g, from OG. For such g, the maximum price she is willing to pay (and what will be

charged by OG) is

by .
t2(92) = 0292 = 720) — - (33 — 330) + ¢ (92 — 920). (32)
Ogden will make a take it or leave it offer of g, at t, that maximizes the profit £5(g2) — m24,. From
equation (32), OG’s best response is 42 (§1) = %Cz%mz. Now, in the first period the maximum price

VZ can charge for any g; is

ti(q1) = 01(q1 —q10) +62(q2(91) — 92(q10)) — %(‘ﬁ — o)
- %(%(41)2 — 2(910)%) + c(9192(91) — q1092(410)) — (2(91) — t2(q10))-

where t5(q19) can be determined by evaluating (32) at g419. Then, g1 = (6; — m1)/b; maximizes
the profit t1(q1) — m1g;1 and the corresponding g, (as a function of q1) is g2 = [b1 (02 — m2) + c(61 —
my)]/[b1b2]. Let D2 (g7, q2; ) be the residual demand for OG when VZ sells g7, then the profit function
for OG is quzf) Dy (q7,y)dy — Ko — maqs. Thus the best response is to choose g3 such that D(q7,q3) =
my, which equates the marginal benefit of g5 to the marginal social cost of producing g5. The op-
timal allocation for VZ can be determined, along OG’s best response function. Given the quasi-
linear utility, I find that VZ gains $2,651,052,914 while OG gains $48,330,062 and the firms will lose
$2,699,115,638. The resulting net social welfare gain is in the order of $267,337. One would expect
that under full information, the seller will extract all consumer surplus, but because (419, g20) is free,
the consumer’s indirect utility under complete information will not be zero but be equal to its valu-
ation for (g10, g20), which is increasing in type. See Table 5, which presents the quantity pair under
incomplete information, under full information and the corresponding difference in utility. As pre-
dicted by the theory, since the quantity allocation is not distorted for the highest type, the difference
in the quantity under the two informational regime decreases with the allocation under incomplete

information. The total welfare loss amounts to approximately 3.8% of the sales revenue.

5. CONCLUSION

In this paper I propose a framework for empirical analysis of competitive (Stackelberg duopoly)
nonlinear pricing with multidimensional adverse selection. I study the problem of identification of
utility and cost functions and the joint density two dimensional types. Normalization of the out-
side option for the lowest types is sufficient for identification except the joint density, and that tran-
spires because some do not participate while only few buy from both sellers and only the truncated

marginals can be nonparametrically identified. I use copula to determine the joint density from the
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Qt: Incomplete Info. Complete Info. # Obs A Utility

(101, 210) (104,210) 230 $87,706
(106, 231) (108,243) 53 $99,017
(137, 231) (139, 243) 27 $138,871
(137, 248) (139, 260) 31 $144,479
(137, 288) (139,300) 28 $159,312
(237, 432) (240, 442) 9 $425,865
(572, 517) (575, 527) 4 $1,900,000
(572, 843) (575, 851) 1 $2,200,000
(1709, 697) (1711, 706) 6  $15,000,000
(1709,1154) (1711, 1160) 3 $16,000,000
(3171,2153)  (3173,2153) 1 $55,000,000
(6330,1621) (6330, 1624) 1 $210,000,000

TABLE 5. Welfare cost of asymmetric information: Comparison of welfare under incomplete Informa-
tion and a counterfactual of complete information.

unspecified marginals, and use the classic goodness-of-fit and the Vuong's test to determine the para-
metric family of copula to use. The identification argument is constructive and provides a base for
the estimation. Then I implement the estimation procedure in a data on advertisements bought from
two Yellow Pages directories in Central Pennsylvania. The estimates reasonably rationalize the ob-
served data and suggest that the consumers are sufficiently heterogeneous in terms of the valuation
for the two advertising choices. Interestingly, the estimates suggest that the competition between the
two publishers is higher at the lower end of the market, where the density puts more mass. This
explains why the difference between per unit prices diverge as we move up the size of ads.

Estimation of the joint density of unobserved consumer types, under competition, is a prerequi-
site to quantify the effect of competition on welfare, or the effect of mergers on product varieties.
To that end, the estimated density can be used to simulate a merger by solving the multidimen-
sional screening problem for a multi-product monopolist a la [Rochet and Choné, 1998; Ekeland and
Moreno-Bromberg, 2010]. Such a line of enquiry is new and important, but it is beyond the scope of
this paper.

Therefore, this paper aims to contribute to the literature in estimation and inference of market data
that are characterized with asymmetric information. In particular it contributes to new literature
on adverse selection, which for the most part either considers only a monopoly seller (and ignores

competition) or uses only the demand side information.

APPENDIX A. BANDWIDTH SELECTION

In this section I present the procedure followed to estimate the Kernel density and is taken from
[Botev, Grotowski, and Kroese, 2010]. Given N IID realizations Y = {Y1,...,Yy} from an un-

known continuous density f(-). The Gaussian kernel density estimator is defined as f (y;t) =
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% Zjlil (ﬁe’(yfyi 2/ Zt) . Asymptotically optimal value of { minimizes the Asymptotic Mean In-

2/5
tegrated Squares of Error and is given by *t = ( ) . Since the optimal *t depends on the

1
2NV/m||f"][?

functional ||f”||?> and using the estimator of this functional gives the following plug-in method to se-
2/7 -
. . 2 (842 3 . . . . 3 .
lect optimal bandwidth *t = ( A Ny f(3)|\2) , but this requires estimating f(®) and requires

us to solve for a fixed point of an infinite sequence; see [Wand and Jones, 1995] for a solution. For
the kernel density based on diffusion process the following algorithm can be used: (i) From the data
estimate the Gaussian kernel density using *; (ii) Estimate ||Lf||? via the plug-in estimator from step

1 using t, where L(-) := 1 ay(a(y)%(f)) is a differential operator with a(y) = f(y)*,+ € [0,1]; and

. . . . . E¢le! (Y)]
C PR f _
(iii) Use estimate from step 2 with the variance ¢ to get the optimal bandwidth: t* = < INVAL] |2> .
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APPENDIX B. TABLES

Color Category 1 Color Category 2 Color Category 3 Color Category 4
VZ Picas VZ Percentage OG Picas OG Percentage | VZ Price  OG Price | VZPrice OG Price | VZPrice OG Price | VZ Price  OG Price
Listing
12 0.4% 9 0.5% $0 $0
18 0.6% 12 0.66% $151 $134 $147
27 0.89% 15 0.83% $290 $240 $492 $278
36 1.19% $492 $845
Space Listing
54 1.79% 46 2.49% $504 $490 $528
72 2.38% 92 4.98% $781 $587 $650
108 3.58% 138 7.46% $1,134 $1,008 $1,789 $1,096 $2,873
144 4.77% 184 9.95% $1,436 $1,154 $2,242 $1,231 $3,592
216 7.15% 230 12.44% $2,080 $1,276 $3,289 $1,363
Display
174 5.76% 211 11.43% $1,638 $1,118 $2,458 $2,609 $1,398 $2,873 $1,624
208 6.90% $1,915 $2,861 $3,049 $3,326
355 11.77% 438 23.74% $3,074 $1,722 $4,612 $4,927 $2,254 $5,381 $2,655
537 17.77% $4,473 $6,703 $7,145 $7,812
735 24.34% $5,872 $8,808 $9,388 $10,256
1,110 36.76% $8,341 $12,512 $13,344 $14,579
592 32.11% $2,163 $2,814 $3,328
1,485 49.18% 908 49.19% | $10,093 $3,372 | $15,133 $16,128 $4,420 | $17,640 $5,084
1,220 66.15% $4,491 $5,875 $6,936
3,020 100.00% 1,845 100.00% | $18,510 $6,324 | $27,770 $29,610 $8,290 | $32,395 $9,435
6,039 200.00% $34,272 $51,434 $54,835 $60,002
TABLE A-1. Menus offered by Verizon (VZ) and Ogden (OG).
Verizon # Purchases % Sales Revenue % Revenue
Standard Listing 2,302 33.74% $0 0%
Listing 2,222 32.56% $614,143 10.42%
Space listing 1,374 20.14% $1,002,857  17.02%
Display 925 13.56%  $4,275,642 72.56%
Total 6,823 100.00% $5,892,642  100.00%
Ogden
Standard Listing 5913 86.66% $0 0%
Listing 484  7.09% $105,805 12.75%
Space listing 167  2.45% $98,341 11.85%
Display 259  3.80% $625,441  75.40%
Total 6,823 100.00%  $829,587  100.00%

TABLE A-2. Distribution of Sales and Revenues by Sizes.
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SUPPLEMENT: AN EMPIRICAL ANALYSIS OF COMPETITIVE
NONLINEAR PRICING

GAURAB ARYAL'

This note is a (optional) note to [Aryal, 2013] and collects all the derivations that
are referred to in the main paper and is not meant for publication. Section 1 pro-
vides all the proofs and derivation from the main paper and Section 2 provides an
alternative method to derive the optimal allocation for Principal 2, following [Ro-
chet and Choné, 1998; Basov, 2001] and the remaining section provides the proofs

left unsolved in the main paper.

1. PROOFS

In this section we collect the proofs in the main paper. I begin with Theorem 1 in

[Aryal, 2013].

Theorem 1. (Rochet and Choné [1998]) Under our maintained assumption on preferences
and cost and assuming g1 (-) has full support, i.e. there exists € > 0 such that g1(z1) > €

forall zy € [z,Z], there exists a unique solution to the optimization problem.

Proof. The proof relies on the existence result in [Rochet and Choné, 1998] and
therefore for original treatment see the paper. Even though their paper is concerned
with a multidimensional screening for a monopoly, it is general enough to be ap-
plicable for the case of follower. For P2, contract chosen by P1 can be treated as
exogenous parameters which affect the profit. Therefore, working with the suffi-
cient statistic z, the existence result from [Rochet and Choné, 1998], Theorem 1 is
applicable. The proof entails standard steps: First, we show that I, as a function
of s, is continuous and concave on Z; (defined below) and Z3 is closed and convex.
Then we show that I is coercive (defined below). The uniqueness of the optimal

best response follows from the concavity.

Date: May 11, 2013.
t The Australian National University.
e-mail:gaurab.aryal@anu.edu.au webpage: http:\\sites.google.com\site\gaurabaryal.
1



2 G. ARYAL

We define a normed vector space of functions ’Hl(Zz), functions s; from Z, =
25,Z2] to R, such that s, and /sy are square integrable, i.e. H!(Z2) = {s2 : 5» €

L%(Z,),7s2 € LZ(Z2)},1 with norm defined as

b = [ (5 + | v s2lP)dza
2
From lemma (3.1) in the text, we know \/s2(z2) = 42(z2), and suppressing z, we
can write the expected profit for P2 as

[(s2) = / [T2(Vs2) — m2 7 52) 1(s2 > $3)82(22)dz2 — Ko — m2420G2(29)

Zy

cu1 —c2<7s b
= /Zz { (ZZ - m> (V52— 420) = 5 (V53 — o) — ma(Vs2) — Sz}
xg2(z2)dzz — K — mzqzocz(zg),

where Z; = {s; € H}(Z2) : so > s3} and s) is the utility if an agent of type z;
decides to purchase only g59. Our objective is to show that there exists s; € Z7 such
that ITy(s3) > Ily(sy) for all s, € Z5. Given the contract choice of P1, continuity
of ITy(s2) as a function of s, € Zj follows from our assumption of continuity of
22(z2) and the definition of the functional I'ly. The functional can be shown to be
concave (see the main text) then the existence follows if we can show that I'Ty(s,)
is coercive, i.e. TI; is coercive if ITy(s;) — —oo when |s;| — oo; see Kinderlehrer
and Stampacchia (1980) for proof of this sufficient condition. Intuitively, coercive
functions are those functions that decrease without limit on any path that extends
to infinity.

Foralls, € H'(Zy), let s, be the mean value of s, in Z, i.e. 5, = |2172| sz s2(z2)dza.
Then from Poincaré’s inequality implies existence of a constant M < oo such that

for sy € H'(Z,), |s2 — 85| < M|/ s2/.2. Then using s, = s5 — 3, + 5, We get

|52]2, = |52 — 85 + 55 |* = [52 — 85| + 83 < M?|  52]%, + 85

1H1(Z2) is a Hilbert space also known as a Sobolev space, where the functions and their first
derivatives are square integrable and vanish at the boundary. We are interested in such spaces be-
cause the elements in this space are well behaved, thus enabling one to show that partial differential
equations that characterize optimal nonlinear prices have solutions.
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Then from the definition of the norm in #!(Z,) we note the following relationship:

|sa| 1 — o0 & either| 7 822, — 00,01 83 — 0. (1)

Then we observe the following relation:

2. <7s b
Ih(s2) < /Zz { <Zz + 3 +Vﬁ12> (Vs2 — q20) — Ez(vsg —q30) — M2 - 752 —Sz}gz(zz)dzz

IN

% s b b
{ (o 2) o o ot
_ by ,
=/, (z2- 82 — (52— 85)) §2(z2)dz2 — 5, + 3 920
2

bz C2

J— R — 2 .
{3 i) oo oot

b b c?
< /Z (z2- 82 — (52— 87)) §2(z2)dz2 — 55 + 521750 —€ <22 o +ﬁ1> |7 527,

2

Therefore,

bz b2 C2
Iy (s2) SM’V52\L2—52+2‘7%0—€<2—M> | 7 52/%2 )

which with (A.1) implies that if |sa| ;1 — oo then [Ty — —oco. Now suppose si and
s5 are two optimal best response. Then, using concavity of the functional IT, we
can show that the optimal s; is unique. Once s; is unique, it is clear that g (-) that

implements s is unique and so is z).

O

Lemma 1. The P2’s best response to a quadratic pricing rule of P1 is also quadratic if, and

only if, Ga(z2) =1 —[1 — (¢ + {z2)]P for some parameters g, & and p > 0.

Proof. Optimal pricing function must satisfy

_ 2 b
T(z2) = <Zz - W) (92— q20) — Ez(fﬁ — 450) — 52(22). ©)
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and the optimal allocation rule is given by

o 17G2(Zz) o o czqzo-i-cal
$2(22) 2 bi+p1

72(2z2) = Vz, € (23, 2] (4)

such that g2(z2) = go0 otherwise. Using (4), let ho(z2),Y2, € (zg, Z] and 12(g2) be
such that

~ 1— Ga(z2) < 2c? > c2qa0 + caq
hy(zp) 1= 29 — ——=222 = by — ——— | +my+ ——— =T .
2(22) 2 92(z2) 2\ 7 b1 + B1 b1 + B1 2(42)

Let z, = 1, '[12(q2)], then using it in (3) gives
- caq — ¢?
T = (I ()~ G52 ) (=)~ 3k - )

=)o = (R eg) - S ) (42 )

o Iy (hy ' (2 (1)) b+ fa
b _ L [
53— g~ i () (¢ — )l + [ Iy (m(e))a
q20
72 . cay — 2 b
[ e = ST g~ ) = 5 (6~ )

which shows that the T,(g2) is quadratic if and only if the first term in the right

hand side is quadratic, or the integrand /i, '(12(t))) is linear in ¢ or equivalently

1;2(;(22()2) is linear. It is enough to show that %(%)(') is linear iff Go(z) =1 —[1— (¢ +
¢z2)]P. If part is obvious. Now, suppose that 1;5(722(;)2) = A — Bz, B > 0, then
2 (z) _ 1 L Q(z2) _ 1 N dIn(1 — G(z2)) _ 1dIn(A — Bz,)
1—Gy(z) A—Bz 1—G(z2) A — Bz, dz, B dz,
Integrating both sides allows us to write
/; dln(ld—wG(w))dw _ ; %dln(ﬁuj Bw) |

1
1 A — Bz A—Bzy\ B
= ln(l—G(zz)):§ln<A_BZ§) ;»c(zz):1—<A_Bzz>

It is easy to check that G(z,) = 0and 0 < G(-) <1 and G(z) = 1 whenever A = Bz,. Therefore,

1 1 .
Bzy — Bzp \ B Zp — 2y B z z 3
(z2) (BEZ - BZZ) ( Zp — 2y Tz -2 (1—{g+¢z})

O
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Lemma 2. The coefficients of P1’s optimal tariff function ay, 1 are unique.

Proof. It is important to observe that not only g7 but also z3, z; and ¥ (¢) are functions
of a1 and B. Therefore, we shall use Leibniz’s method to compute the first order
necessary conditions. First we do some calculations:
2C2(b1 + ﬁ1) > (CDQ + CquQ)(bl + ﬁ1)
Y(t) = — (b1 + t— —
( ) <bzlz(b1 +‘31) —2C2(12—1) ( ! 'Bl) bzlz(bl +,B1) —2C2(12—1) !
2¢%(b1 + 1) — bala(b1 + B1)* +26% (b1 + B1) (. — 1) (caz + c*gao) (b1 + B1)

N ( bala(by + B1) — 2c2(l2 — 1) >t_ {bzlz(bl +B1) —22( - 1) +‘Xl}
At — B.

The FOC with respect to a; is:

(1= Gy (¥(@) (@ + pry —my) ST 4 [T 01(E1= F(t)
—_——

(—%¥a,) (1 + Brt —my)

- day q10 (El - Zl)pl
=0
+ <Zl‘w)) dt =0
21— 2
Topy(z1 — ¥ () ! nopy(z1 — (1)) ! }
= -¥ n—m / — dt + — tdt
“ {( ! l) q10 (Zl - Zl)Pl lBl q10 (Zl *Zl)pl

W (7 — P1
Y
q10 21— 2

0 pl(Zl —At—f—B)plil n p1<zl —At+B)‘D171 }
= -Y, n—m / — dt + / — tdt
! {( ! 1) q10 (Zl - Zl)p1 IBl q10 (Zl - ;1)91

g = 1
+/ ! (ZlAtJFB> dt = o.
q10 Z1 — 2

We can evaluate each term separately as follows:

First Term:

01/1(21—At+B)P1’1dt = —— | {(z - At+B)Ydt = —— (2, — At + B)|
q10 o A e
vht — !

A 7
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where v1 =Z; — Aq; + Band v» = z; — Aqyo + B.

Second Term:

7 1 3 /
[M e - At Bl =~ (@ - At By
q10 910
1 — pl P1 ﬁl _ P]
= [T g — [ @ - At By
q10

Let z; — At 4+ B = x, then we can rewrite the last expression in the parenthesis as

1+ 1+p
_1/“ﬁ@x:_%pllbl,
A . v A(1+p1)

which when substituted back to the previous expression allows us to write the
second term as

i = 1+p1 1+p;
o - qovy —@v v Y -y
z; — At + B)Ptdt = - :
NG ) A AT pr)

Third term:

— 1+p1 14+p1
LA 1% —V
zZ1— At+B)f'dt = -1 2
/‘710 ( ) A(1 + Pl)

Putting together the FOC becomes

_ 1 1 1 1
Yoy (1 —m) (05" =) _ Yo B1(q10v5" — ;") T“lﬁl(vl-hm - V2+pl) _ 1/1+p1 - Vzerl

A A A%(1+p1) A(1+p1)
V§1+Pl) i Vflﬂh))

_ Y
= _‘Fvél(“l - 7711)(1/51 - Vfl) - Tlx]ﬁl (qlovgl - qlvfl) - < "Zﬁl - 1) ( (1 +P1)

We can write ¥g, (t) = Jt + D after some straightforward calculation and substitu-
tion, as shown later. Letz] = a% and similarly we define 2|, and let Az’ =z} — z].

Some preliminary calculations:

¥ _ ¥ (t) _ Cz(lz -1) 1— —Cz(lz —1) = bola (b1 + B1) + 2C2(lz -1)
ap = - Z2¢2(l,— T —902(1, —
dnq (bzlz(b1-:§11_)~_ﬁ?§ (b—=1)) (by + B1) (bala(by + B1) —2¢2(1, — 1))

(I, = 1) — bola (b1 + B1)
(bala(by + B1) —2¢2(l2 — 1))’

Since v, is just the first order condition for z; where the type z; purchases the op-

timal quantity, a necessary condition for optimality is that it must be equal to zero.

Therefore, in what follows we shall substitute v; = 0. So, the first order condition



NOTE: COMPETITIVE NLP 7

with respect to a1 becomes

(1+‘01)
b4 v
Yo, (11 — ml)l/gl +‘I’,x1,31q101/§1 + <"‘1/31 _ 1) (v ) _

A (1+p1)
Tallgl _ V2 —
or, Yo, (1 — m1) + Yo, frg10 + ( A 1) (1+p1) >

Next, we solve 1, to get
V) =21 — Aqlo + My + Mpuq,

where M; and M; are determined by B, as shown below:

(caz + c*qa0) (b1 + B1)
B —
bzlz(b] + ﬁl) — 2C2(lz — 1) ta

_ c(Ga+lamy) (by + B1) + ccar + €2qa0) (I — 1) 4 a0 (br + B1) ta
B boly (b1 + B1) — 22(I, — 1) !

_ c(lo + Lamy) (by +ﬁ1)+c3q20(lz—1)+c2q20(b1+,81) ta {1+ Cz(lz—l) }
boly (b1 + 1) — 22(1, — 1) ! boly(by + B1) —2c2(I, — 1)

_ C(gz + 121112)(171 + 51) + C3q20(lz — 1) + Cquo(b1 + ‘31) + { lez(lﬁ + /31) — C2(12 — 1) }

bzlz(bl + 51) — 262(12 — 1) bzlz(b1 + ‘Bl) — 202(12 — 1)
= M1 + Mzle.
Substituting everything in the FOC we get

Yo, p1 Z1 — Aqio + M1 + My

Yo 1 M, _ Yo 1\ 21 —Aquo+ M
or, 14} {Ta1+ ( A 1> (1+p1)}+T“1(‘81q10 m1)+ ( A 1 (1+p1) —O,

=0

and solving for a1, we get

AY¥, (1 + p1)(m1 — B1gio) + (A —¥a, B1)(Z1 — Agro + M1)
{IYMA(]* +P1) + MZ(TallBl - A)}

N =

which is equation (A.6). To determine optimal 1 we optimize with respect to B1:

(1= Gu(¥ @) o + iy =) T+ = [{or(21 = ¥ 5 = )1+ Bt — )

=0

aq. /
+(§1_1}f(t))/31t}dt_/‘71 p1 Az}

& gyt (@ T it —m)(Z — A B)PdE =0
q10 — 41
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We can express ¥(t)g, as an explicit function of ¢:

aT(t) _ 2C212 — szlz(bl + ‘31) - 2C2l%b2(b1 + ,51) - b%l%(bl + ,51)2

Y(t = t
( )ﬁl a[ﬁ bzlz(bl + ‘31) — ZCZ(ZZ — 1)
i {C(gz =+ lzi’ﬂz) =+ Cqu()}<b1 + ,Bl)bzlz — bzlzC(C(Xl + Cqu())(lz — 1) — c(éz + lzmz) — Czqz()
bzlz(bl + ‘51) — 262(12 — 1)
= Jt+ D.
Taking ﬁ common from the first order condition, we get

or,

or,

or,

q
/ {11 = At + BY A (F — Jt = D) (a1 + Prt — ) + (21 — At + B)P't
q10

q Az
—/ ' %(0{1 +,Blt —7’}11)(21 — At+B)p1dt =0
q10 |
q
/ pl(Zl — At+ B)Pl_l(z’l — D)(Dél — ml) —pl(Zl — At + B)pl_l](ﬁél — ml)t
q10

+01(z1 — At + B)*"1(2] — D)B1t — p1(z1 — At + B)P 1Bt + (Z; — At + B)Pitdt

7 A
/q | (;lel)(‘h + pat —mi)(z1 — At + B)"'dt = 0
10 =

1 7
(z1 — D)(a1 — m1)/ p1(z1 — At + B)P1dt — J(ag — ml)/ 1p1 (z1 — At + B)PrLedt
fo 710
1 7
+(z1 - D)ﬁl/ Cp1(z - At+ B)PdE — ][31/ "01(z1 — At + B)P1Ad
q10 q10

a0 01 A Z’l

t— zZ1 — At + B)”dt =
. (21—21)(a1+ﬁ1 my)(z1 + B) 0

7
+ [z - At + B)Piedt — /
q10 q

(z1 = D) (a1 — m1) /qq p1(Z1 — At + B)P7ldt — (J(ay — my) — (21 — D)p1)

1 7

X/1p1(zl_At+B)plfltdt—]‘31/ 1P1(Z1—At+B)pl’lt2dt
910 10

e

_ = P1 —
. (z1—;1)([x1+‘81t my)(z1 — At + B)P1dt =0

7
+ @ —At+B)P1tdt—/
q10 q

Now, ignoring the coefficients, we solve the integration. First Term:

7
| o1z - At Byl =

1 q 1 __ Pl
— [{@ - At+ B ydr = 2"

q10 q10 A
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Second Term:

7 q
/191(21—At+3)prltdt=—% H{(z — At+ By Ydt

q10 q10
1 i qovht — gt 1
= A —aod - [ @ - ars By = PO o [V At By
A q10 A A q10

01 — P 1+p; 1401
_ v —4ii V2 TN

A * A2(14p1)

Third Term

7 7
/lm@rw%+BV“HMh=—%/‘ﬂﬂz—Af+mmym
q

q10 10
1 7 2 00200 o
=—= [q%%“ Rl -2 [z - A+ B)’”dt} S T M Wy 7 Ny VI TS
A q10 A A q10
L
Let (z; — At + B)Pt = x, then dt = — "Xp] dx, which allows us to solve the integra-

tion in the last expression:

= 1 — L L1

q v B) — x° Z
/1t(Zl—At+B)Pldt:/l JEEB man (oxn ) g
q10 v§1 A Apl

1 1

(z+B) 4 1 1o (71 +B) ({"} o — (1) )
- [y e [
v 2

—_— xh1d xfidx = —
A%pr A%y Apr(1+ 70)
+ = - +
AzPl(p%Jrl) A2(1+p1) A2(2+p1)

Therefore, the third term becomes

2.,/ 2(z1+ B) (lepl - v;+pl) 2(vf+91 _ V§+P1)

0 3 B qZ VP] — G2
z1 — At+B)PlpPdr = 02 1L 4
/410 Pz ) A A3(1+p1) A3(2+4 1)

Fourth term: (following the derivation for the third term)

— — 1+ 1+ 2+ 2+
/ql(zl _ at 4 Byntar = LB Peu ) n o
10 A%(1+p1) A%(24p1)
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The Fifth Term:
q Az q Az — z1 — At + B)”1
/lu(a1+51t—m1)(f1—At+B)P1dt:/1{pl Z1(w = m)(Z = A+ B)
o (Zl — Zl) q10 (Zl _;l)
01 / — q
Lo A z|B1(Z1 — At + B) t}dt_w/1p1(21—At+B)Pldt
(z1—27) (z1—2z1)  Jauo
LPonp

— At + B)Pitdt
(Zl -2z) /‘ho( ! )

_ A —m) (" ) AZpi i@+ B T - ) AZepi(y T - )

Az —z)(1+ o) Az(Zl—Zl)(l +p1) A2z —z1)(2+ )
Now, putting all the terms together we get the following first order condition for

p1:

Zy — D) (g — mq) (V5" — Vi) - oV — gt T e
(z} ) (@1 Al)(z 1 —{](oq—m1)—(2/1_D)51}{q qull + 22(1_'_;1)
1 1+
—JB qiovs' — aivy’ - 2(z1 + B) (v ( = pl) + 2(Vf+m _V§+p1)
. A B+ p1) A3(2+4 1)

@B ™) ] f Az =) (1 )
A2(1+pl) A2(24p1) Az —z)(1+ )

A E B M =) Adppi )" i) |
A%(zy —21)(1 +p1) A2z, —21) (2 + p1)

Taking % common and re arranging the terms gives us

(z1 — D) (a1 — m1) (15" —8") — {J (a1 — m1) — (21 — D)1} (quovs' —§yv1")
n {Zl +B_ {w—m)—(z-D)pi} 2p(z+B)  Azei{pi(z+B) — Alm - ml)}}

A A A2 Az — z7)
1401 1+p / 2+ 2+p1
Vs " _ 2 p1y Azip1p1 2 _1) Vi =W —0
X <(1+P1) ) ]ﬁl(”ho‘/z ) (21 —z +2]B1 A2(2+ py) :

Then when we substitute v; = 0, and taking v5' (# 0) common, we get

(21 — D) (a1 — m1) — quo{J (a1 —m1) — (2} — D)B1}
n {Zl B {lm—m) =z -D)pr} 2Jpi(z +B)  Aze{fi(E+B) — Alm —ml)}}

A A A? A(z1 — z1)
1P151 v _
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0

Lemma 3. In equilibrium the fixed price of purchasing advertisements from each publishers
is 71 and 7yp, which are respectively given by

(67 —a1)* (b2 + B2) | (6] —a1)(02 —a2) (3 — (b1 + B1)) (62 — a2)?(b1 + B1) (6] — ap)?

no= b1+ B (b1 + B1) (b2 + B2) — 2 (b1 + 1) (b2 + B) — 2 2(by + B1)
_ () — ) o1 1 ( (82— a2) (b1 + B1) + (6] — 1) ’ a
o —a* (ain) 2( by + B (b2 + o) — 2 )“ (b2 +F2))
5 2
—01q10 + %‘ﬁo + —(922(;22:;;7)10)
S N )3(51 — ) (ba + B2) (b1 + B1) + c(by + B1)[2(65 — az) + (b2 + B2)g20] — c2(61 — a1) — a0
[E 2(by + p1) (b2 + B2) — 262

c(6; — ) (81 — a1) (b2 + Ba) + 2(65 — ap) i
(b1 +B1)(ba+B2)  (by+ B1)(b2 + Ba){ (b1 + B1)(ba + B2) — 2} b1+ Py

05 —ap  c(8; —ag)(ba+ B2) +c3(0; —a2)

_ e b tB [0 -

0 mw) g, (b2+/32){(bl+51)(b2+52)—cz}} o= 5 [
(61 —aq) (b + B2) + (63 — a2) +Zz 2 L. 05 —ar (61 —aq)(bo+ B2) + (65 — ar)
(b2 + B2){(b1 + B1) (b2 + B2) — 2} 2P0 0 B T b+ Ba) (b1 + 1) (b + o) — 2}

(61 —a1) (b2 + Ba) +c(65 —az) | c(B1 — a1 + cq20)g20
(b1 + B1) (b2 + B2) — 2 b+ 1

1 2¢2(I = 1)\ »
+5 (52(212 -1) - W) 920

+ (32 +m2)q20

Proof. The lowest type for P1 amongst all those who buy at least g1, is (91‘,@2).
Recall the definition of 6 from previous section. Let wz(q2(65,62);60;,0,) be the
utility that the type (67,6,) gets by consuming optimal g, and only g19. Notice that
given the type in other dimension, the agent will always have interior solution for
q2. Then if we recall Wy (67, 0,; x) to be the indirect utility of consuming optimal pair
of (q1,92) when P1 charges 1 = x, then the difference between the two Wy (-, -; x) —
wy(+; -, -) is the extra utility from participating in contract with P1. Since this type is
the least favorable one from the perspective of P1, optimal 71 should be such that
it takes away all the extra utility for such type that accrues from participating with

P1. Therefore we get

Y2 = afgngcin{wl(%az)x) — wa(q2(605,02);67,02) }.
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When only g9 is consumed then the first order condition gives us that the optimal

32(0%;q10) = 92;2‘1#, where 0* is the type pair we are concerned with. Therefore,

w(92(0%;g10);0°) = 07g10 + (02 — a2 + cq10) ( >

by + B2

s
25110 T2

(52 —ay + quo)Z
2(b2 + B2)

However, without any such restrictions, optimal consumption pairs are

b
= 6iq0- 50— 12+

0, —ar + Cq1(9*) .

07 — a1 + cq2(0*)
; 0*) = -
by + B2 71(6)

6*) = ,
92(0") b1 + B1

which when solved simultaneously, gives us

(92 — a2)(b1 + ﬁl) + C(QT — “1)

(b1+ B1) (b2 + B2) — 2
07 — a1 c (62 — a2) (b1 + B1) + (65 — 1)
bi+pB1  bi+p (b1 + B1) (b2 + B2) — 2

72(6%)

qn(0%) =

Observe that we intend to minimize the difference between W; and w; by choosing
x, which appears linearly only in W; we can choose the 7; such that ignoring x in

W1 71 = W1 — wy. To get W; we substitute all the expression back into the indirect

6 —ar+ Clho) (14 B2) (92 — a2 + cqig

by + B2

>2
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utility function to get:
o= (6= e (0) + (B2 —an)ga(er) = B (972 = 2 P2
1
(62 — a2 + cq10)?
2(b2 + p2)
(67 —a)® | (67 —a1)(02 — a2) N (67 — a1)?
bi+p1 (bi+pB1)(b2+p2) —c* (b + P1){(b1+ B1)(b2 + B2) — ¢}
(62 — a2)*(b1 + B1) c(02—a)(0f —a1) b+ Py <9T—“1>2
b1 + B1

(b +B1)(b2+B2) =2 (hi+p1)(ba+Ba)—c2 2
2c(607 — 1) (02 — a2) (b1 + B1) +c(67 — 1) ¢ (82— ) (b1 + B) + (6] — )\
b+ B1 (b1 + B1) (b2 + B2) — c2 (b1 +B1)? (b1 + B1) (b2 + B2) — c2

b+ pB (02 — a2) (b1 + B1) + c(6F — a) ’ c(07 — ar) (62 — aa) (b1 + B1) + c(6; — 1)
2 (b1 + B1) (b + B2) — c? b1+ B1 (b1 + B1)(by + B2) — c?

c? (62 — az)(bl + ,31) + C(G* — vq) " by (52 — oy + quo)z
b1+ i ( (b1+51)(b2+[32)_lcz ) —91‘110+§lﬁo+ 2s 1 Ba)

* * * b
—Y2 +¢q1(07)q2(0%) — 67 q10 + Ellﬁo + 72—

—+

(O —a)*(ba+B2) | Bc(0] —ar)(B2 — a2) n (62 —a2)*(bi +B1) (6 —m)?
n b+ B (b1 +B1)(b2 4 B2) —c2  (by+B1)(ba+ B2) — 2 2(by + B1)
(0] —a)(B2 —a2) (b1 + B1) (07 — )’ (1 1 )
(b1+,31)(b2+,52)—C2 (b1+,31)(b2+,52)—cz by +‘B1

1 ((92—a2)(b1+ﬁ1)+c(9; — ) (8, — az + cqq0)?

. b
> (b1 + B1) (b2 + B2) — &2 ) (1= (b2+B2)) —916710"‘31‘1%0"‘ 2002 + B2)
(07 —a1)*(ba+ B2) | (6] — 1) (62 — a2) (3 — (b1 + B1)) (02 — a2)*(b1 + B1)
b+ B (b1 + B1)(b2 + B2) — 2 (b1 + B1)(b2 + B2) — 2
(07 —m)® (6 — 1) (1 1 )
2(by + B1) (b1 B1)(b2+ B2) — 2 by + B1

1 ( (62— az)(by + B1) +c(6F —aq) i b (62 — a2 + cq10)?
E ( (b1 I ,Bl)(bZ I ‘52) —1C2 ) (1 - (bZ + .BZ)> - 910710 + 514%0 + 2(b2 + le)lo

+

Now, we shall find the optimal ;. From the characterization of the threshold 65, we
know that an agents with type pair (61,05 ) are least prepared to buy more than g2
from Principal 2. Hence, >, can be at most the infra gain in utility from consuming

the optimal pair from both the principals and consuming only g9 from P2. If we let
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w1 (q1(601, 63); 0, 65) to be the utility that this agent gets when he consumes optimal
g1 -which could be greater or equal to q10- and only g2, and W (g1, q2; 01,605 ) to be
the utility when he consumes optimal amount of both gq; and ¢,. Then the opti-

mal fixed cost of purchasing g2 > g20, v2 must take away this rent, hence, hence

s(-)(72) —wa(-) =0,s0
T2 = Wa(-) —wi ().

Since

w1(q1(61,63);01,05) = H%axu(ﬁl,Q2o;§1/9§) — 71— 11 — %(ﬁ
1

the optimal g; is given by the first order necessary condition, and is

251—061+Cq20
n bi+pB1
Hence,
S kEN.T = 01—a1+cqo . bi+pB1 [ 01— a1+ cqao
01,05%);04,0 = (61— B N —
w1(q1(601,65%);01,03) (61 —a1) bt B + 05420 5 T
by 01 — a1 + cqa0 B1 o
2‘]20“‘“720 by 1 pr M= S

_ Br—w)? (2(br—m) 420 — (01 — a1 + cqx)”
b1 + B1 b1 + B 2 ) 120 2(b1 + p1)

L b
bit B 2 q20 — 11-
Now, to find s,(-) we start from the demand for ¢; and g derived from the usual

first order necessary condition of optimization, where

W (g1, 42;61,63) = max [u(ﬁlfﬁz}%f)ik) — 7 — g — %Lﬁ — a2 — %ﬁ% :

qi,492

>2



NOTE: COMPETITIVE NLP 15

which gives?

] 0 — 1 +cqo q2:9§—zxz+cq1
! bi+p1 by + B2
_ 61 — a1 + cqgao
71(q20) = bt B

If we simultaneously solve these two equations we get the following final demand

as a function of pricing rule, and using 0** = (65, 63):

0; —a2 | c(61—a1) (b2 + Ba) +c*(6; — )

72(07) by+ B2 (b2 +B2){(b1 + B1)(b2 + B2) — c?}
(6™) (01 — 1) (b2 + B2) + (05 — a2)
n (b1 + B1) (b2 + 2) — 2
Br= (B a)qa(6°) + (6 — g2 — 2P0 - BI04 e 07 ae)
=71 — (61 — a1)q1(g20) — 65920 + b erﬁlfh(fho)z + %’150 —cq1(920)920 + M1
= (01— 1) (q1(0™) — q1(q20)) + (65 — a2)q2(6*") — 63920 — h erﬁl (71(6")* — q1(g20)?)

by + - b " o
_27/52072(9 )2+ éqﬁo +¢(q1(6")92(0"*) — 91(g20)920)

= {E a0 = PTG + a0 b (0(6”) = (g + (55— 02) 2(67) — O3

%k k b *k *k
5 02(6 >+ 521750 +c{q1(07)q2(0"") — 91(920)q20 }
And since 7 = 42 — 92, we get

v = {00 = PO ) | (07) — g3(m) + (85— 02) a(6) — B3

PR R el (07)2(0%) — 1 ()0} + (8o + m)aag

1 22(L, — 1)\ ,
+3 (bz(212 -1) - M) 920

2Note that while writing s,(-) we have ignored 7, as it is automatically taken care of in the
definition of optimal ;.
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Some calculation yields the following:

q1(6™) — q1(q20) = C(quli)ﬁ_l m

(605 — ) (61 — 1) (b2 + B2) + (05 — a2) . cq
(b1 +B1)(b2a+B2) (b1 +P1)(ba+ Ba){(b1 + B1) (b2 + B2) —c*} b1+ By

NP (qu(0™) + ) =

3(61 — 1) (b2 + B2) (b1 + B1) +c(br + B1)[2(65 — a2) + (b2 + B2)q20] — ¢* (61 — a1) — g0
2(b1 + p1) (b2 + B2) — 2¢2

9; — K C(gl — DC1)<b2 + ,82) + CZ(QE — 0(2)
ba+ B2 (ba+ B2){(b1 + B1)(b2 + B2) — 2}

(61 — a1) (b2 + B2) + (65 — a2)
(b1 + B1)(b2 + B2) — 2

71(0")q2(0"") — q1(g20) 920 =

(61— a1+ cq20)g20
b1+ B1

Y2 = {(91 — )

3(61 — a1) (b2 + B2) (b1 + B1) + c(b1 + 1) [2(65 — a2) + (b2 + B2)q20] — ¢*(61 — 1) — 0
2(b1 + p1) (b2 + p2) — 2¢2
" (65 — a2) c?(61 — 1) (b2 + B2) + *(0; — a2) g
(b1+B1)(b2+B2) (b1 + B1)(ba + B2){(b1 + B1) (b2 + B2) — 2} b1+ B
9; — KD C(gl — 0(1)(b2 + ,32) + CZ(QS — 0{2)
by+ B2 (b2 + B2){ (b1 + B1) (b2 + B2) — %}

— 03420

+ (6 —a2)

_b2+,32
2

0 -y c(Br— )bt Bo) O —w) | b,
ba+ B2 (ba+ B2){(b1 + B1) (b2 + B2) — 2} 2 120

0 —ay  c(B1 —a1)(ba+ B2) + (605 — a2) } [(91 — 1) (by + Ba) + (63 —Dcz)}

0 B BB+ BBt B — T || (a4 B (ba + B2) - @

_C(al — a1 + €420)920 2c¢%(lp — 1)) ’
by + B1 b1 + B1 420

+ (G2 + m2)q20 + % (bz(le -1)—

0
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2. OPTIMAL ALLOCATION RULE

In this section we characterize the optimal nonlinear pricing that does not use
the “aggregation method,” but uses the multidimensional screening method as in
[Rochet and Choné, 1998] and generalized by [Basov, 2001]. In our case, each pub-
lisher can sell one type of advertisement (g; € R;) but agents have two types
(6 € R?) ~ F(-,-) so perfect screening is not possible, so we use the generaliza-
tion in [Basov, 2001].> The preferences of an agent of type () is: u(q1,42;0) =
0191 + 022 — 297 — %245 + cq192. The first publihser offers quadratic tariff function

and is given by

B2
+ +5 fqg >
Tl(oh):{ AT e ©)

0 lfq S ¢710

Let the indirect utility of agent with type (8) be W(6) and is defined as

W(0) = u(q1(0),92(6);0) — T (q1(0)) — Ta(42(0)),

where g;(6) is the optimal quantity of good i purchased by agent of type 6. Suppose,
an agent decides to buy only from P1, some optimal quantity while consuming g9
for free from P2, then let’s denote his indirect utility to be w;(0), which is defined
as
_ - by » by, I
wi(0) = max |61q1 + 02420 — 541 — o420 + C1g20 — 11 — a1y — S Padr | -
q12910 2 2 2

After determining the optimal 41 (0) via the FOC, and substituting back, w; (0) can

be written as

wl(g) = —71+ (91 —061)2 n <C(91 - 0(1)

+9> +(C2—b2) 3
26+ B1)  \ bt p )P e ) 2)
(6)

If an agent of type 6 buys g2 > g20, from P2 and optimal g1 (6) from P1, then his/her
(indirect)utility is W(0). Whereas, if he/she buys only g from P2, then it is w; (6).
This means the difference in the utility from deciding to buy g2 > g0 from P2 is

just the difference between W () and w; (6). With some calculation it can be shown

SWhenever possible, we shall use 6 to denote a vector of (61, 6;).
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that W(0) = w1(0) + s(q2,0), where s(g2, 0) is the residual utility that an agent gets

by consuming optimal amount of g, and is

_ c(61 — a1 +cqa) N S R
5(72(6),6) = max | (e + S22 ) g2 o) = 268 — ) — Talan)|.

Therefore, for P2, an agent with type 6 can be thought of as having s(g2,0) as the
utility function. From earlier assumptions we know that s(g2(8), 0) satisfies enve-

lope conditions:

sz((Jz(f)),G) = as(qggz)'@) = Uz(qz(Q)) — (qz(g) _ 0720)
51(42(0),0) = as(qgé?)@) = 01(q2(0)) = ‘W

We denote g2 — 10 = §2 and write the tariff as a function of the information rent
(indirect residual utility) as

c(01—a1)da . (G2 +g20)d2

T5(0) = 6,3
2(0) = 022+ b1+ B1 b+ B1

by, _ .
- 52(115 +2420(42 +q20)) —5(6).

Then the expected profit of P2, with ®" C @ being those who buy more than g9,
can be written as
E(IL) = / { <92 + c(bﬂl—oc1)> q2 + <CZ£72 - bzﬁzo) (§2 + q20) — @éﬁ
o 1+ B1 b+ B1 2
—quNQ — mar0 — S(9):|f(9)d9 - m2q20F(9*) — K.

The optimal quantity and pricing rule will maximize the expected profit condi-
tional on the fact that the agents will choose their quantity appropriately and that
every body wants to participate. Before we move on, let’s look into the issue of par-
ticipation in detail. First, from the perspective of P2, s(g2, 0) is the additional utility
that an agent 6 gets from consuming g, while his total utility is his indirect utility
W(0). Also, recall that if the agent chooses not to consume more than g9 from P2,
then he gets w; () if he consumes some amount from P1 or he gets u(q19, §20, 0) if he
consumes the free quantity. Therefore, an agent will participate in the contract with

P2 if and only if the gain from participating is at least as much as not participating
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at all. In other words, the participation constraint is: for all € ©,

W(0) > max{w1(0),u(q10,920,0)}

)
= w1(0) +s(q(0),0) > max{wi(6), u(q10,920,6) }
)

The third inequality follows from the fact that w;(0) is the utility that results when
the agent finds it optimal to purchase q; > q190 while he purchases only g29. There-
fore, the utility 41(0) has to be at least as much as u(g10, g20,6). Then P2’s objec-
tive function is to choose optimal rent that is given to an agent of type 6, with the
constraints that the rent so induced is implementable and satisfies participation
constraints. Following the literature on implementability, the sufficient condition
for implementability is that the rent function has to be convex when evaluated at
optimal consumption and the participation constraint must be satisfied. So the op-
timization problem of P2 is max; [E(I;) such that s(-) is convex; and s(6) > 0.

Let, p1 = v1(0) = pip d2 and pr = v2(0) = §o. Since the dimension of type is
more than the dimension of goods, for P2, not all points in the utils space will be
feasible. The set of feasible points forms a smooth subset (1 dimensional manifold)

in 1R2+. This subset can be characterized as :

A={peR% a(p,p2) =0},

for some function a2 : R? — R. Now, in terms of the newly introduced utils, P2’s

problem is

2

20 c b\ 5

// Zepl <b+ﬁ — bagoo — >p2+<b1+ﬁ1 2)192 s
—(Ky + ngzo),

Stv 5(9) = Z/S(') - ConVeX,H(pll pz) = 0.

For existence and uniqueness results and the interpretation of the constraints see

[Basov, 2001]. First we drop the convexity assumption, and derive optimal contract
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for the “relaxed” problem. The Hamiltonian can for the problem becomes

C2 b2

&, (Pan—cm
H(p) = lg Oipi + (M — bagoo — mz) hy + (M - 2) P% - 5(9)1 f(0)

2

—(Ka 4 maqa0) + Y Ai(0) pi + u(0)a(pa, p2),
i=1

where A is the costate vector for the envelope condition \/s(0) = p while y is the

Lagrange multiplier on the constraint a(p;, p2) = 0. Let,

<c2qzo—ca1_b _m)_x (bz_ c? >_e
b1+,31 2020 2 ’ > b1+ﬁ1 .

then we can use a(z) = blcjjzﬁl — p1 = 0 and re write H(z) as

2 2 c
H= (2 Oipi + xp2 —ep% —s> f(9)+2)\i(9)pi+y(9) <bl izﬁl _ p1> — (Kz + mag).

i=1 i=1
Let v be the unit vector, normal to the boundary of participation and pointing out-

wards. Then from [Basov, 2001] we have

Theorem 2. Suppose that the rent function s(0) solves the relaxed problem. Then the
solution characterized by the following conditions: there exists a continuously differentiable
vector function A : R> — R?, and a continuously differentiable function y : R*> — R,

such that
divA + aal;l <0 aeon OF 9)
<Av> >0 a.e.on 00, (10)

Inequalities (5) and (6) becomes equalities at interior of participation region ®*, i.e when-

ever s(8) > 0. For a given vector A, z is determined by
pi € argmax H. (11)

In the Hamiltonian, we should interpret the term ed3 — x4 as the pseudo-cost of
producing gq. And under the condition that b, > % it can be shown that this cost
is strictly convex in §,. As this condition depends on the optimal pricing chosen
by P1, it is taken as parameter by P2, while choosing its own optimal contract. For

our purpose we shall assume that this inequality is true, and shall verify it ex post.
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This new pseudo-cost function makes our case directly comparable to the case in

Basov. From these three conditions we get

dAy  dAy
hade ST R <0; e. 12
a6, a6, (0) <0; a.e.on ©, (12)
A1+ Avn > 0; a.e. on 00, (13)
oH
S = 0= A = u(0) — 0,£(0) (14)
P1
oH u(f)c
—=0=>A=—(0+x—2¢ 6) —
aPZ 2 ( 2 PZ)f( ) bl+,81
__ _ _ ()
= Ay = — (02 +x —2es,(0)) f(0) T (15)
where the last equality follows from the envelope condition, i.e. 85(35;92) = py.

Differentiating (10) and (11) w.r.t 6; and 6,, respectively, we get
dAy

d6, m(0) — f(0) — 01 £1(6),
(;11222 = —(1—2es22(0))f(0) — (02 + x —2es2(0)) f2(6) — ;?J(f)ﬁcl

Here, for functions f(6) and u(6) we use subscript to denote the partial derivative

with respect to that argument. Substituting each of the above expressions in (8)

gives us
i (6) = £(8) 11 (8) — (1 26522(6))(6) — (62 + x — 2esa(O)6) ~ L2 — f(6) < 0
= (2es22(6) = 3)(6) + (2esa(6) = 62~ () + m (O)6) ~10) — L2 —0 (16)

For the first part we shall focus only on substitute goods, i.e. ¢ < 0. The inequality
(9), binds at the boundary where the agent values the good 2 the most, i.e at (6;, 52),

which, in the contract literature is known as no distortion on top. Hence,

p(61,02) — 01f1(61,62) = 0; (17)

_ _ _ 6, 6.
— (02 4 x — 2es5(61,6,)) f(61,0,) — W =0. (18)
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From (13) we notice that the multiplier is a a function of 6, only through the density

function. Hence we conjecture that the multiplier is

u(0) = 6:1£(0).

Hence, u1(0) = 61f1(0) + f(0), which satisfies (13) and u2(0) = 61 f2(6). Now for

notational ease we make a change of variable, y(6) = s1(6), from (13) we get

(202 (8) ~ 3)(6) + (2ey(6) — 62~ )(6) + 1(6) + £(6) - 013(6) ~ SN o
26 (O)£(6) + (2e0(6) ~ 1.5 02— x) £(6) - 27(6) =0
az [2eyf( )~ (b "f gt x) f(f))} = £(60). (19)
Therefore, the optimal contract is characterized by the PDE (15) with the boundary
condition:
_ (92 +x— blc_?_l‘Bl> f(91r62) + Zey(Ql,gz)f(()l,@z) =0. (20)

Integrating both sides of (16), with respect to 6>, we get

/0'92; {Zey((’l/f)f(glf H - (b1ci B IR )} =k +/ fonnd

2

or, {2ey(91,92)f(91,92) — (lﬁcfﬁl

C91
+ 1

or, — {2ey(91,92)f(91,92) _ (b Ciﬁ +92+x) f(91,92)} - k0+/ £(61, 1)dt

+ 6 + x> f(91,92)}

_ {2ey(91,02)f(91,92) ~ <b1 +6, + x> f(91,92)} = ko + /sz(@l,t)dt

R 02+ %) £(81,02) — Ko — ;2 f(6, 1)l

or, y(01,62) = ( 2¢f(61,62)

85(91, 92)

0
(52 + 62+ ) £(81,02) —ko — [, (61, )t

or,  §2(01,02) = pr = ——= =y(01,62) =

892 2€f(91, 92)

7



NOTE: COMPETITIVE NLP 23

where the third equality follows from the boundary condition (16), and evaluating

the above at 0, gives ko = 0.. Therefore the optimal contract is

b g Cowtem I S0
q(el, 62) _ b1+,51 bl+.Bl " f(9],92) , (21)
(b2 o b1+[31)

which is the same as we found using the aggregation method. The allocation rule
for the first principal can be determined analogously and hence not pursued. Note
that, unlike in [Rochet and Choné, 1998], optimal allocation rule never generates
perfect screening because of the difference in dimension of instrument and agent’s
type. Therefore, the agent’s type is divided into only two subsets, one where they
are screened out and offered only g;0,i = 1,2 and the other is bunching of “second
kind” where agents with type h; = 6; + b]CTSJﬂj, j#1i,i,j € {1,2}, get the same good
qi(hi).

REFERENCES

ARYAL, G. (2013): “An Empirical Analysis of Competitive Nonlinear Pricing,”
Working Paper, ANU. 1

BAsov, S. (2001): “Hamiltonian approach to multi-dimensional screening,” Journal
of Mathematical Economics, 36, 77-94. 1,17, 19, 20

ROCHET, J.-C., AND P. CHONE (1998): “Ironing, Sweeping, and Multidimensional
Screeing,” Econometrica, 66(4), 783-826. 1,17, 23



